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Methods for estimating vehicle-terrain interaction parameters for small
scale robotic vehicles have been formulated and evaluated using both sim-
ulation and experimental studies. A model basis was developed, guided by
experimental studies with an iRobot PackBot. The intention was to demon-
strate whether a nominally instrumented robotic vehicle could be used as a
test platform for generating data for vehicle-terrain parameter estimation.
A comprehensive skid-steered model was found to be sensitive enough
to distinguish between various forms of unknown terrains. This simulation
study also verified that the Bekker model for large scale vehicles adopted for
this research was applicable to the small scale robotic vehicle used in this
work. This fact was also confirmed by estimating coefficients of friction and
establishing their dependence on forward velocity and turning radius as the
vehicle traverses different terrains.
vi
On establishing that mobility measurements for this robotic were suf-
ficiently sensitive, it was found that estimates could be made of key dynamic
variables and vehicle-terrain interaction parameters. Four main contributions
are described for reliably and robustly using PackBot data for vehicle-terrain
property estimation. These estimation methods should contribute to efforts
in improving mobility of small scale tracked vehicles on uncertain terrains.
The approach is embodied in a multi-tiered algorithm based on the
dynamic and kinematic models for skid-steering as well as tractive force mod-
els parameterized by key vehicle-terrain parameters. In order to estimate
and characterize the key parameters, nonlinear estimation techniques such as
the Extended Kalman Filter (EKF), Unscented Kalman Filter (UKF), and a
General Newton Raphson (GNR) method are integrated into this multi-tiered
algorithm. A unique idea in using an EKF with an added State Noise Com-
pensation algorithm is presented which shows its robustness and consistency
in estimating slip variables and other parameters for deformable terrains.
In the multi-tiered algorithm, a kinematic model of the robotic vehicle
is used to estimate slip variables and turning radius. These estimated vari-
ables are stored in a truth table and used in a skid-steered dynamic model to
estimate the coefficients of friction. The total estimated slip on the left and
right track, along with the total tractive force computed using a motor model,
are then used in the GNR algorithm to estimate the key vehicle-terrain param-
eters. These estimated parameters are cross-checked and confirmed with EKF
estimation results. Further, these simulation results verify that the tracked
vii
vehicle tractive force is not dependent on cohesion for frictional soils. This
sequential algorithm is shown to be effective in estimating vehicle-terrain in-
teraction properties with relatively good accuracy.
The estimated results obtained from UKF and EKF are verified and
compared with available experimental data, and tested on a PackBot travers-
ing specified terrains at the Southwest Research Institute (SwRI), Small Robotics
Testbed in San Antonio, Texas. In the end, based on the development and
evaluation of small scale vehicle testing, the effectiveness of on-board sensing
methods and estimation techniques are also discussed for potential use in real
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small-scale tracked vehicles are sometimes able to traverse uncertain
terrains, but performance can be highly dependent on skilled human driv-
ing/supervision. In addition, a significant role is played by terrain character-
istics. The research reported here is particularly concerned with traversal of
deformable terrains. In this case, terrain parameters such as internal friction
angle, soil cohesion etc. These parameters play a very critical role in estimat-
ing track-terrain interaction, such as for a tracked vehicle traveling through
loose sand, a terrain type of particular concern for tactical robots. Knowl-
edge about terrain properties enable one to estimate and/or simulate mobility
characteristics, which can vary significantly over different terrain types and
conditions [10, 11].
Small-scale robotic vehicles are being used in space, defense, agricul-
ture, mining, and construction. Having prior information or the ability to
estimate terrain physical parameters online, would enable a robot or its oper-
ator to predict its ability to safely traverse a given region. One could maximize
traction or minimize power consumption in order to meet mission objectives.
This study is motivated by the need for reliable means for estimating
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terrain parameters online, and hypothesized that this can be achieved us-
ing data typically available from most small-scale robotic vehicle. Our model
makes use of a commonly deployed small-scale vehicle called a PackBot (man-
ufactured by iRobot, Inc., Bedford, MA.). The PackBot is being used exten-
sively by US military and other government agencies, especially in war theaters
like Afghanistan and Iraq, in highly uncertain environment for tasks ranging
from clearing caves to surveillance and reconnaissance. Terrain parameters
like angle of internal shearing friction, cohesion, shear deformation modulus,
etc., if estimated online in real time could be used not only in the motion and
task planning algorithms for precise control of the vehicle motion, but also
for the prediction of traversability of tracked vehicles on soft and uncertain
terrain.
Algorithms that form the basis for estimating key terrain parameters
are based on the kinematic and dynamic equations of motion of the vehicle
and on terramechanics model equations. In order to estimate and characterize
the terrain parameters, nonlinear estimation techniques such as the Extended
Kalman Filter (EKF), Unscented Kalman Filter (UKF) and General New-
ton Raphson (GNR) technique have been explored. Results obtained from
simulation-based algorithms were verified and compared with experimental
data, from testing with a PackBot traversing specified terrains at Southwest
Research Institute (SwRI) in San Antonio, Texas. In the end, based on the
development and evaluation of small-scale vehicle testing, the effectiveness of
on-board sensing methods and estimation techniques are evaluated for poten-
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tial use in real time estimation of soil parameters.
Figure 1.1: PackBot
1.1 Background
Off-road tracked vehicle mobility, performance, and efficiency are highly
dependent upon soil properties, ensuing slip conditions and dynamics of the
coefficients of friction. As mentioned earlier, the soil parameters play a crit-
ical role in determining track-terrain interaction forces, and identifying these
is important for improving performance, for example by maximizing traction
control and minimizing power consumption [12]. In order to understand the
effect of these parameters, past researchers have developed various experi-
mental/analytical techniques and apparatuses [13–17]. For full-scale tracked
vehicles, engineers have traditionally relied on instruments such as the cone
penetrometer [18, 19] and bevameter [4, 6] to estimate critical soil parameters.
As these tracked vehicles traverse terrains with uncertain and highly vari-
able soil properties, the need for some means to estimate mobility parameters
online has become desirable. This can be especially true for the small-scale
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robotic tracked vehicles that have seen increased use in many application ar-
eas, from clearing caves/mines to surveillance and reconnaissance. These vehi-
cles are typically remotely operated, and it is well accepted that the operator
would benefit from having some improved sense of the terrain characteristics.
Researchers adopted techniques ranging from using trained neural networks
[20–22], active perception [23, 24], vibration-based fast spiral and variable fre-
quency rate of turn method [25, 26], to estimators based on various estimation
techniques.
Figure 1.2: Bevameter and Penetrometer
Every technique adopted by researchers in order to establish terrain
characteristics in real time has some limitations, but it is estimators like EKF
that target nonlinear and uncertain systems that are the main focus of this
study. These estimators are not only robust but also quite flexible in terms of
the extent to which their design requires any model. These estimators are well
established and are in use in various fields where estimation of unknown pa-
rameters is required. Researchers have developed methods for estimating soil
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properties based on estimated slip parameters for wheeled robotic vehicles.
For example, Iagnemma, et al. [27] estimated soil cohesion and internal fric-
tion angle for a wheeled planetary rover using an online least square method.
More recently, Ray, et al. [28] have applied an extended Kalman filter to es-
timate net traction in a differentially-wheeled robotic vehicle. It is yet to be
determined whether a sensor-endowed tracked robotic vehicle like a wheeled
robotic vehicle can be used to estimate the soil properties based on trajectory
data or estimated slip parameters.
Some work has been done in estimating the soil properties based on slip
and trajectory data for full-scale tracked vehicles. For example, Schiller [29]
established a method used later by Le [30] to study online terrain parameter
estimation for a tracked vehicle. Le used trajectory data from a tracked vehicle
and identified slip, and then used a skid-steered vehicle model to demonstrate
that these estimated parameters could be used to extend the speed and accu-
racy with which the vehicle can be skid-steered. Song [31] used an analytical
model of a full-scale tracked vehicle and applied a Newton-Raphson (NR) and
a least-square estimation (LSE) technique to determine soil parameters. Wang
estimated the road-wheel friction coefficient in real time using a recursive least
square method, and then used it for vehicle safety system [32]. Yi developed
a kinematic model scheme to estimate skid-steered mobile robot positioning
and wheel slip based on EKF using inertial measurement unit (IMU).
It is assumed that knowledge about soil properties can be used to im-
prove the performance and efficiency of small-scale tracked vehicles. However,
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it has yet to be determined that small-scale tracked vehicle kinematic and dy-
namic models are even sensitive enough to help extract soil parameters from
estimated slip variable and other parameters.
In reported studies on large scale vehicles, the estimation techniques
were used to predict one or two terrain parameters, but stopped short of using
it for three or more soil parameters. The main reason for this shortcoming
is that the conventionally developed comprehensive model renders the sys-
tem parameters either unobservable or the model is not sensitive enough to
distinguish between various terrains.
There are certain limitations in online terrain parameter estimation for
small vehicles. It has been observed in some cases [30, 31] that internal fric-
tion angle does not have a significant effect on tractive forces, which could
call into question whether any estimation techniques are adequate. Whereas,
if more than a few parameters are to be estimated, then computational speed
is adversely affected. It was also found that no one vehicle model, skid-steer
or straight-line, is preferred for terrain parameter estimation on soils. More-
over, robustness to sensor noise can further limit certain estimation techniques.
However, the techniques could be explored and extended for such cases using
either a straight-line or skid-steered model for small-scale tracked vehicle.
1.2 Objective
As stated the primary objective of this dissertation research is to esti-
mate the essential terrain parameters and suggest/improve the onboard sensing
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methods for onboard path planning as well as guide algorithms for conserv-
ing power and enhancing traction performance for small-scale robotic tracked
vehicle. These sensing methods are very critical for estimating tractive forces
developed by tracked vehicles. To achieve the stated objective there are num-
ber of factors that are important and need to be evaluated independently.
These factors like center of gravity location, wheel diameter, track length,
track width, sinkage, ratio between length and width of track and ground
pressure all play a vital and critical role toward better traction and control.
The importance of some of these parameters can be revealed by combining
the vehicle equations of motion and soil model. Further, the models can help
illustrate how certain observable and measurable quantities can be related to
terrain parameters. The final goal cannot be reached without accomplishing
the objectives listed below.
 Development and verification of kinematic and comprehensive dynamic
vehicle model for skid steer and straight line motion.
 Development and verification of comprehensive soil model utilizing ter-
ramechanics equations to understand the mechanics of vehicle-terrain
interaction.
 Simulating tracked vehicle skid-steer and straight-line motion to identify
maneuvers required for estimating parameters.
 Development and verification of efficient nonlinear statistical estimation
techniques utilizing kinematic and dynamic vehicle models.
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 Estimation of some critical dynamic parameters like turning moment
resistance and longitudinal/lateral coefficients of friction etc, and study
their effects on turning radius and forward velocity.
 Analyzing if the detected mobility is sensitive enough to estimate the soil
properties based on estimated slip variables and coefficients of friction.
 Investigate onboard sensing methods to determine whether they can be
used for real time estimation of soil parameters.
 Validate simulation based studies with results from experimental testing
with an iRobot® PackBot (shown in Figure 1.1) on various terrains at
the Southwest Research Institute Small Robotic Vehicle Test Bed (San
Antonio, Texas).
 Establish the applicability of the proposed parameter estimation and
measurement model for use as onboard, real-time estimation.
1.3 Overview
The purpose of this first chapter is to provide background on the prob-
lem statement and on current research being carried out to estimate soil prop-
erties for large and small-scale tracked and wheeled vehicles. However, the
emphasis is made as to why this research study is focused on a small-scale
robotic tracked vehicle and how a vehicle model and nonlinear statistical es-
timation techniques will be used to estimate the critical soil parameters and
other variables defining the motion of a small-scale robotic tracked vehicle.
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Chapter 2 reviews the classical soil mechanics and establishes the criti-
cal parameters required to develop a relationship between the soil parameters
and tracked vehicle performance variables. This chapter also summarizes var-
ious methods required to analyze the performance of a tracked vehicle over
uncertain terrain.
Chapter 3 deals with the mathematical modeling of a robotic tracked
vehicle. This chapter develops a kinematic and dynamic vehicle model for
a small-scale robotic tracked vehicle and discuss relevance of terramechanics
equations. Chapter 4 derives and discusses statistical estimation techniques
such as Extended Kalman Filter (EKF), Unscented Kalman Filter (UKF) and
Generalized Newton Raphson (GNR) method. Their advantages, disadvan-
tages and limitations are also discussed along with their derivations.
Chapter 5 comprehensively discusses the PackBot experimental plat-
form, its various sensing mechanisms, instrumentation, and the various field
tests conducted to validate the simulation results. This chapter also covers the
simulation based algorithm results to estimate the soil properties and other
critical parameters. Finally, at the end, Chapter 6 provides a summary, con-
clusions and discusses the contribution of this research study and provides
recommendations for future work.
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Chapter 2
Mechanics of Vehicle-Terrain Interaction
2.1 Introduction
It has been emphasized in the introductory chapter that the main focus
of this research work is to develop methods that can estimate vehicle-terrain
interaction parameters, and to assess their potential use in real time for small-
scale robotic tracked vehicles traversing unknown terrain. These parameters
play a pivotal role in helping predict the traversability of a tracked vehicle on
deformable, uncertain terrains. Hence understanding the mechanics of vehicle-
terrain interaction is essential to this research.
Maneuverability of a tracked vehicle over any terrain is limited by the
soil mechanics. Soil mechanics refers mainly to the study of the behavior of
soils under stresses. The study of the performance of an off-road vehicle in
relation to its operating environment (the terrain) is identified as “terrame-
chanics” [4, 6, 33, 34].
We are aware that large scale tracked vehicles have been in use since
1770, when Richard Lovel Edgeworth introduced his first portable railway
model. However, real fame and attention to these tracked vehicles were given
during World War I. Tracked vehicles were deployed for various purposes due
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to their immense capabilities to maneuver and overcome obstacles especially
off-road and across deformable terrain, ranging from desert sand, soft mud to
snow. Thus, adequate knowledge required to understand the mechanical prop-
erties of the terrain was needed. Understanding the mechanical properties of
soil is crucial for the design and development of tracked vehicle for any opera-
tion or environment. However, it was only after World War II that researchers
started concentrating on developing quantifiable relationships between the de-
sign and performance of tracked vehicles for soft terrains. The methods ranging
from empirical to theoretical were developed to understand the performance
of tracked vehicles over uncertain and unprepared terrain. The key meth-
ods, keeping in mind the configuration of small-scale tracked vehicle, will be
discussed in this chapter, to understand why estimating vehicle-terrain param-
eters online can help improve the performance of a tracked vehicle [1, 4–6].
2.2 Soil Properties
Over the years a number of methods were developed to measure and
predict the performance of tracked vehicles for various terrain conditions.
These methods were developed relying on soil mechanics. Soil mechanics is
defined as the science of equilibrium and motion of soil bodies [1]. Remem-
ber, soil is the weathered material in the upper layers of the earth’s crust,
and non-weathered material in this crust is known as rock (rock mechanics).
Karl Terzaghi is considered to be the pioneer in the development of the soil
mechanics. Soil mechanics is considered to be a distinct branch of engineering
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mechanics because soil has some unique properties, which distinguish it from
a number of other materials. These properties such as stiffness, shear, creep,
and variability, are described in various soil mechanics books [1].
Soil is considered to be a unique material, because it does not exhibit
linear stress-strain behavior and becomes stiffer under compression and softer
during shear. It has also been noticed that failure occurs if shear stresses
reach a certain level with respect to normal stresses. Also, various geological
processes leave the soil with varied properties at different locations. Even in
two very close locations the soil properties may be completely different.
Large variability in soil types leads to large variations in soil properties.
There is no international classification system because of these variations and
characteristics. The soil in plains of Pakistan may be quite different from the
American Continent, as their geological history may be different. However,
the United States Bureau of Reclamation classification standards are used
worldwide. The leading few are mentioned in Table 2.1.
Character 1 Character 2
G gravel W well graded
S sand P poor graded
M silt M silty
C clay C clayey
O organic L low plasticity
Pt peat H high plasticity
Table 2.1: Unified Classification Systems (USA)(from [1])
As discussed, soils have unique properties, and one such property is
that soils transfer only compressive stresses and not tensile stresses. Secondly,
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shear stresses can only be transmitted if they are small as compared to the
normal stresses. However, these classifications are not used for measuring the
mechanical properties of soils, and but mechanical tests need to be performed
to measure stresses, deformations, and other key properties.
2.3 Rankine Passive Earth Pressure Theory
Track-terrain interaction cannot be explained in light of simple Coulomb’s
coefficient of friction, where an assumption is made that resistance is propor-
tional to the weight of the vehicle. It is established that this is not a correct
assumption to estimate the tractive forces induced by a tracked vehicle. There-
fore, Rankine theory of passive earth pressure from soil mechanics was adopted
to understand the track-terrain interaction in terms of soil parameters. The
Rankine theory is extensively used by civil engineers to study structures such
as retaining walls, railroads or highways where the structure pressure is pushed
into the ground and reaction loads are developed.
The Rankine theory of passive earth pressure states that a soil that
fails by lateral compression will form a failure surface inclined at an angle
(45o − φ/2) with the horizontal, where φ is the angle of internal shearing
resistance of the wall. In Figure 2.1, the wall (a-b) of height h is inclined at an
angle α to the horizontal plane. Pn is the normal force on the wall as a result
of surcharge q on the surface. µ is the angle of wall-soil friction, where Pp is
the passive earth pressure. The zone a-b-d is called the Rankine zone, and for
a very rough surface µ is assumed to be equal to φ.
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Figure 2.1: Passive Earth Pressure on an Inclined wall a-b, from Bekker [6]
The Rankine theory forms a basis to study forces developed as a result
of track-terrain interaction, and can be utilized for the design and development
of tracked vehicles. These studies proved critical to understanding the direct
relationship between ground pressure and a resultant tractive effort [4]. This
study eventually lead to the development of various key features in a tracked
vehicle like track width/length, wheel diameter, center-of-gravity location, etc.
All these design features are important to improve the performance, efficiency
and steering of the vehicle, especially for off-road conditions.
2.4 Methods for Predicting Track-Terrain Interaction
While analytical methods based on theories like Rankine passive earth
pressure provide a sound basis, these are not sufficient to help comprehensively
describe the behavior of track-terrain interaction. More recently, empirically
based analytical methods like the theory of plastic equilibrium, and finite
element methods have been explored to improve the design of tracked vehicles
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for off-road conditions. These recent trends are discussed in the next sections.
2.4.1 Theory of Plastic Equilibrium
Theory of plastic equilibrium assumes that terrains such as saturated
clay and compact sand, etc., behave like ideal elastoplastic materials and can
be represented with a stress-strain relationship as shown in Figure 2.2. The
terrain behaves elastically up to a certain limit such as ‘a’ as show in Figure
2.2. However, exceeding this limit, the terrain mass within a specific volume
will approach a state of failure. An infinitely small increase in the load beyond
this level produces a rapid increase in the strain of the terrain mass within
specific boundaries, constituting plastic flow. The state that precedes plastic
flow is usually referred as plastic range and is shown in Figure 2.2.
Figure 2.2: Behavior of an idealized Elastoplastic Material
One of the criteria used for determining the condition of shear failure
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by plastic flow is defined using Mohr-Coulomb’s equation,
τmax = c+ σ tanφ, (2.1)
where τmax is the maximum shear strength of the material, c is the apparent
cohesion of the material, σ is the normal stress on the sheared surface and φ
is the angle of internal shearing resistance of the material. As discussed, the
theory of plastic equilibrium with certain constraints can be used to predict
the maximum load that a tracked vehicle can exert on the terrain without
causing soil failure, which is an extreme case. While applying the theory of
plastic equilibrium, it is assumed that terrain behaves rigidly and as perfectly
plastic material. However, certain cases, such as soft terrains encountered
by tracked vehicles, may have a high degree of compressibility resulting in
sinkage of vehicle running gear and not necessarily as a consequence of the
plastic flow of the material, as assumed in theory of plastic equilibrium. This
is considered a limitation of the theory of plastic equilibrium. Recall, this
sinkage information is useful for estimating external resistive forces hindering
the motion of the vehicle. Thus, it is important to know if the hindrance is due
to soil compressibility, or if the soil beneath the track is in a state of plastic
flow. Besides sinkage, the theory of plastic equilibrium does not explain the slip
condition of a tracked vehicle, which is often required to improve performance
of a tracked vehicle in off-road conditions. These limitations (sinkage, slip
etc.) render this theory useful only for approximating the conditions of a
terrain subjected to tracks.
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2.4.2 Cone Index-Empirical Method
The US Army Waterway Experiment Station (WES) developed empir-
ical methods during World War II to assess the vehicle mobility on a simple
“go or no go” basis for various soils. The general approach to the development
of empirical method, for predicting off-road vehicle performance, is to conduct
experimental tests on a select group of vehicles over a range or terrains of
interest. The data measured and terrain characteristics based on simple ob-
servation or measurement are then empirically correlated. One such empirical
method is known as Cone Index.
In this empirical method, the terrain characteristics are identified using
parameter referred to as Cone Index, which is obtained using a cone penetrom-
eter shown in Figure 2.3
Figure 2.3: Penetrometer
The penetrometer consists of a 30o circular cone with a 0.5 in.2 base
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area, a proving ring and a gauge dial for indicating the force required to
push the cone into a given soil. The recommended rate of penetration is
approximately 1.2 in/sec. The force per unit cone base area is called the cone
index (CI), which has units of pressure, penetration force divided by the area
of cone, but it is usually referred to as a non-dimensional parameter.
Empirical methods are easy to use and implement, however they have
certain limitations. These methods are difficult to extrapolate beyond the con-
ditions upon which they were derived. Consequently, it is uncertain whether
these methods can be utilized in evaluating new vehicle design concepts or in
prediction of vehicle performance in new operating environments. This ap-
proach can also less cost effective if a large number of parameters are required
to define a particular problem.
2.4.3 Parametric Analysis
Bekker developed a parametric analysis for a tracked-vehicle [6]. He
assumed that the track in contact with the terrain is similar to rigid footing
and not conforming to the contour of the terrain. Experimental tests are
conducted to verify various relationships to characterize the response of the
terrain when subject to different loadings. Equations are then postulated to
fit the measured data. Statistical techniques like least square method are
then adopted to minimize the residual between the measured values and those
estimated using proposed equations.
During this analysis it is also assumed that, if the gravity of the vehi-
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cle is located at the mid-point of the track contact area, the normal pressure
under the track is uniformly distributed as shown in Figure 2.4a. This para-
metric analysis is very useful in measuring the track sinkage, motion resistance,
thrust slip relationship, and the maximum tractive effort of the track. These
important characteristics will be discussed in subsequent sections.
Figure 2.4: Normal pressure distribution under a track, from [7, 8]
There are certain limitations to this method. The rigid footing assump-
tion is not realistic for tracked vehicles having high ratios of road wheel spacing
to track pitch. Ground pressure under these vehicles is usually concentrated
under the road wheels and is not uniform. Thus the performance prediction
using the method of parametric analysis would yield unrealistic performance
prediction especially on soft terrains. However, robotic tracked vehicles, such
as the one used for this research work (an iRobot PackBot), with road wheels
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spaced closely together will prevent the track from deforming on soft terrains.
Therefore, for this type of robotic vehicle, tracks can be modeled with the
rigid footing assumption. Some commonly measured normal pressure distri-
butions induced below the soil surface by various tracked vehicle configuration
are shown in Figure 2.5.
Figure 2.5: Normal pressure distribution below the surface for various tracked vehicles,
from [4]
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2.5 Measurement and Characterization of Terrain Re-
sponse
The tracked vehicle through its running gear applies normal load to
the terrain surface, and this results in sinkage and consequently an increase
in motion resistance. As soon a torque is applied to the sprocket, a shearing
action is developed between the track and the terrain, resulting in slip, induced
traction forces, and motion of the tracked vehicle. Researchers have struggled
to develop a methodology to analyze the performance of a tracked vehicle
based on a measurement of terrain response under loading conditions similar
to those exerted by a tracked vehicle. One such technique to measure and
characterize the terrain response is known the bevameter technique developed
by Bekker. This technique consists of two tests.
Figure 2.6: Bevameter shear plate
In the first pressure-sinkage plate penetration test, a hydraulic ram is
used to apply a normal load to a plate. The applied pressure and load is
recorded. In the second shear test, a shear ring or a shear plate as shown
in Figure 2.6 is used to apply a shear loading on the terrain surface under
various normal pressures. Again, the torque applied and the resulting angu-
lar displacement of the shear ring are recorded to obtain shear stress-shear
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displacement relationships and shear strength properties of the terrain. A
schematic view of a bevameter for measuring terrain properties is shown in
Figure 2.7.
Figure 2.7: Schematic view of bevameter for measuring terrain properties,
from [4]
2.5.1 Pressure sinkage Relationship
Bekker assumed that a track may be represented by a rigid rectan-









where p is the track contact pressure, b is the smaller dimension of the contact
patch (i.e., either the width of rectangular contact area, or the radius of cir-
cular contact area), z is the sinkage depth, and n, kc, and kφ are known as the
exponent of terrain deformation, cohesive modulus of terrain deformation and
frictional modulus of terrain deformation, respectively. The pressure sinkage
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parameters are insensitive to the width of the rectangular contact patch, pro-
vided that the aspect ratio of the patch exceeds five to seven. Wong developed
a weighted least square method to obtain the unknown parameters [4].
It is often the case that a soil is under repetitive loading by the running
gear, especially when a vehicle is in straight line motion. Figure 2.8 shows
qualitatively the response to repetitive normal load of a sandy terrain and an
organic terrain. It can be observed that the pressure initially increased with
the sinkage along curve OA. However, as the un-loading is applied to the
terrain the pressure sinkage relationship follows line AB. When reloading is
applied the pressure sinkage relationship follows the same trend. However, the
same is not true for organic terrain where, when load is reapplied at B, and
the pressure sinkage relationship follows different path.
Based on the trend developed for unloading and reloading, Wong sug-
gested a linear function that represents the average response of the terrain
[4],
p = pu − ku (zu − z) , (2.3)
where pu is the pressure and zu is the sinkage when unloading begins. In this
relation, ku is the pressure-sinkage parameter representing the average slope
of the unloading reloading line AB. The value of the parameter ku is expressed
as,
ku = k0 + Auzu, (2.4)
where k0 and Au are parameters characterizing the response of the terrain to
repetitive loading.
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(a) Response of a sandy soil to repetitive
normal load
(b) Response of an organic soil to repeti-
tive normal load
Figure 2.8: Qualitative relationships between soils, sinkage and load, from
Wong [4]
2.5.2 Shear Stress-Shear Displacement Relationship
It was discussed earlier that as the torque is applied to the sprocket,
shearing action takes place at the track-terrain interface as shown in Figure
2.9. The shear stress-shear displacement relationship plays a critical role in
estimating vehicle thrust and its associated slip. It is observed from exper-
imental data that there are three types of shear stress-shear displacement
relationships.
For most of the distributed soils such as loose sand, saturated clay,
etc., the shear stress-shear displacement relationship exhibits characteristics
such as shown in Figure 2.10a. It can be observed from the Figure 2.10a,
that the stress initially increases rapidly with increasing shear displacement
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Figure 2.9: Track-Terrain shearing action, from [4]
and then stays constant for further increase in shear displacement. Junosi and
Hamamoto suggested the following equation to describe this trend [4, 35],





where τ is the shear stress, j is the shear displacement, c is the cohesion, φ
is the angle of internal shearing resistance, and k is the shear deformation
modulus.
For compact sand, silt, loam etc., the shear stress-shear displacement
relationship exhibits a trend in which shear stress initially increases rapidly to
hit a hump of maximum shear stress for a particular value of shear displace-
ment and then decreases to constant residual value with any further increase
in shear displacement. This behavior is shown in Figure 2.10b. To characterize
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(a) A shear curve for plastic soils (b) A shear curve for elastic terrains
Figure 2.10: Qualitative Shear Stress-Shear Displacement Relationship for
Different Soils, from Wong [4]
this kind of behavior Wong proposed the following equation,
τ = τmaxkr [1 + (1/ (kr [1− 1/e])− 1) exp (1− j/kw)] [1− exp (−j/kw)] ,
(2.6)
where kr is the ratio of the residual shear stress τr to the maximum shear
stress τmax, and kw is the shear displacement where the maximum shear stress
τmax occurs.
The shear stress deforms the soil and induces a reaction to thrust the
vehicle forward. This thrust imposes slip i between the track and undeformed
surface. This slip is defined as,












where V is the forward speed of the track and Vt is the tangential track velocity
in the absence of slip, being a product of sprocket radius r and angular velocity
of the sprocket ω. Vj is the speed of the track relative to the ground as
shown in Figure 2.9. It is absolutely evident from Equation 2.7 that there is
a critical relationship between the shear stress produced by the track, the soil
parameters, and slip. Therefore, it can be concluded that slip can play a very
vital role in estimating the soil parameters.
2.6 Critical Analysis-Empirical Parameters
Before concluding this chapter, it is pertinent to highlight the impor-
tance of the properties of the soil that define the behavior of the track-terrain
interaction. It has been hypothesized in this chapter that the soil properties
such as cohesion, deformation modulus, and shearing friction have significant
effect on the motion of a tracked vehicle. The Mohr-Coulomb criteria empha-
sizes that the terrain under the normal load at a point will fail if the shear
stress at that point meets the criteria shown in Equation 2.1.
Wong defines cohesion of a soil as a bond that arises between soil par-
ticles [4]. This bond cements particles irrespective of the normal pressure
exerted by one particle upon the other. Saturated clay is one such example
that does not depend on the normal load. Hence the criteria set in Equation
2.1 may be simplified to,
τmax = c, (2.8)
whereas, particles of frictional masses can be held together only when a nor-
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mal pressure exists between them. Dry sand is a good example where shear
strength increases with an increase of a normal load. Therefore, for this kind
of soil, the shear strength may be expressed as,
τmax = σ tanφ (2.9)
It is also interesting to note here that, most of the trafficable earth is covered by
granular masses and it is composed of both cohesive and frictional properties.
Figure 2.11: Shear strength Mohr-Coulomb failure criterion, from [4]
Figure 2.11 graphically demonstrates the Mohr-Coulomb criteria devel-
oped earlier in Equation 2.1. It shows that a straight line tangent to the Mohr
circles, drawn for each mode of failure, is obtained if maximum shear strength
of the terrain is plotted against the corresponding normal load. The slope
of the straight line determines the value of the angle of internal resistance φ,
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whereas the intercept of the line where it crosses the shear stress axis defines
cohesion c of the soil.
It is very important to understand that the soil properties are more
complicated than suggested by Equation 2.1. For example, the cohesion of
sand could increase depending upon the amount of water present in the pores
of the soil. Whereas, for similar reason, the cohesion of clay can reduce.
Similarly, inhomogeneity of the soil can harden or weaken the soil and adversely
affect its shear strength and may change the angle of friction φ. Therefore,
it is emphasized that these parameters (c, φ, k) be considered as empirical
coefficients required to develop a relationship between the soil and the track.
It will be highlighted in subsequent chapters how these parameters affect the
motion of a tracked vehicle through slip of the tracks.
2.7 Conclusion
This chapter has summarized not only various analogies used in soil
mechanics but has also discussed the critical parameters required to develop
a relationship between the soil and the tracked vehicle. This chapter also dis-
cussed various methods required for analyzing the performance of a tracked
vehicle over deformable terrains. These empirical parameters and their re-
lationships will be used to develop the kinematic and dynamic model of the
robotic tracked vehicle required to estimate critical soil properties.
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Chapter 3
Mathematical Model-Robotic Tracked Vehicle
and Track-Terrain Interaction
3.1 Introduction
Over the last decade we have seen a rapid increase in the use of small-
scale robotic vehicles. These vehicles are being used in every sphere of life
from agriculture, mining, military to space exploration like the robot-rover
landing on planet Mars. These robotic vehicles are equipped with either wheels
or tracks to maneuver around and overcome any obstacle. These vehicles
have advantages and disadvantages over each other for a specific terrain of
operation. Comparison between the two is out of the scope of this research.
However, tracked vehicles are considered to be a better platform for operations
in off-road conditions or soft terrains.
The major focus of this research is to use the small-scale tracked vehi-
cle as a tool to identify the parameters influencing the tractive performance
of a small-scale tracked vehicle. A goal of this work was to evaluate how one
could use the small-scale tracked vehicle dynamics and track-terrain interac-
tion models to identify and establish, if the terrain parameters such as internal
friction angle, cohesion, and shear deformation parameter influence the trac-
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tion control or the traversability of the small-scale tracked vehicle on unknown
terrain.
A skid-steer vehicle depends on track slippage for conducting any ma-
neuver. However, excessive slippage may cause a vehicle to become immobile.
The risk of immobility enhances where an operator’s knowledge of an unknown
terrain is insufficient. This fact is also a key reason to estimate the vehicle-
terrain parameters online and in real time. This information can help predict
the traversability of a vehicle on unknown and especially deformable terrains.
Accurate kinematic and dynamic model of the vehicle is very essen-
tial to understand any track-terrain interaction that influences traversability
and maneuverability of the vehicle. Researchers have developed a number
of models for deformable and non-deformable terrains. Bekker is considered
to be the lead pioneer in studying vehicle-terrain interaction. He suggested
a model to compute the forces required on inner and outer track to make a
steady state maneuver [6]. Steed made efforts to understand the track-terrain
interaction on firm ground [10, 36]. However, Wong is the one who studied
and later developed widely accepted the kinematic and dynamic models for a
vehicle operating on both soft and firm terrains [4]. Al-Milli examines Wong’s
work as an extension of Steed’s work in developing the skid-steer model of a
tracked vehicle on a firm ground [37]. Wong made a number of contributions
not only in developing the kinematic and dynamic equations of motion but
also for establishing design criteria for the track width, track length and tread
of the vehicle for steady state turning maneuvers. His dynamic model helps
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build an understanding of the longitudinal and lateral moments that are act-
ing on the tracks. He was the first one to suggest and stress the importance
of shear-stress to shear-displacement relationships in order to understand the
track-terrain interaction. This was in contradiction to earlier models that as-
sumed Coulomb’s law of friction could be used to explain the tractive forces
developed underneath tracks.
As discussed, there were a number of assumptions made by Wong to
develop the kinematic and dynamic models for large-scale tracked vehicles.
Some researchers have used these models for simulation studies and online
parameter estimation with partial success. However, there still seems to be a
need to verify that Wong’s models can be used for small-scale tracked vehicle
track-terrain interaction studies and for online terrain parameter estimation.
3.2 Track-Terrain Model
Soil undergoes elastic-plastic deformation as a result of shearing forces
experienced during track-terrain interaction. This shear-stress shear-displacement
phenomenon was discussed in detail in Section 2.5.2, and is illustrated in Fig-
ure 2.10. It was observed for terrains like loose sand and saturated clay that
the shear stress continues constantly with shear displacement even when the
maximum shear stress has been achieved. In the case of compact sand, silt, or
loam, soil fails when maximum shear stress is achieved, and shear displacement
continues increasing even with a decrease in shear stress.
It was also discussed in Section 2.5.2 that the tractive effort of a track
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Figure 3.1: Track shearing action by Wong [4]
is produced by the shearing of the terrain as shown in Figure 2.9. The tractive













where b is the width of the tracks, l is the length of the tracks, c is the cohesion
of the soil, φ is the angle of internal shearing resistance of the terrain, and k is
the shear deformation modulus of the soil. The shear displacement, j, changes
along the length of the track.
One of the critical parameters in the Equation 3.1 is the parameter
k, defined as the amount of shear deformation that a soil can sustain before
shear failure. Wong suggested that the value of k varies from 0.6 cm for clay
at maximum compaction to 2.5 com for loose sand. This value of k in some
case cases may also be defined as the distance between the vertical axis and
the point of intersection of the tangent to the shear curve at the origin and
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the horizontal line representing the maximum shear stress as shown in Figure
3.2.
Figure 3.2: Shear deformation modulus [4]
We have also discussed that the shear displacement j for any arbitrary








where V is the forward speed of the track, and Vt is the tangential track
velocity in the absence of slip. The slip i has been defined in Equation 2.7.
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As discussed earlier for small-scaled robotic tracked vehicles, it is com-
monly assumed that the pressure distribution underneath the track is uni-
formly distributed, p = W/bl, so the thrust developed underneath the track in





















where l is the length of the track in contact with the terrain, W is the normal
load on the track, and A is the area of the track. The developed tractive force
must be able to overcome all resistance forces in order to make any maneuver.
We can observe that the Equation 3.4 establishes the relationship be-
tween tractive effort, tracked vehicle design parameters, soil parameters and
the track slip i. We can observe from Equation 3.4 that in the absence of slip
there will be no tractive effort, since tractive effort is a reaction to shearing
the soil, which cannot take place without slip.
Equation 3.4 is the total tractive effort for a track having a normal
uniform pressure distribution. However, in case of a multi-peak sinusoidal
pressure distribution the total tractive effort by the track is given by,

















where n is the number of sinusoidal periods or the number of idle wheels
(n=13 for PackBot). Wong has also discussed the cases where the pressure
distribution linearly increases front to rear of the contacting area. This is
represented as,












Similarly, for the case where pressure distribution is from rear to front the
equation is,



















whereas, in case of sinusoidal distribution with maximum pressure at the center
and zero pressure at the front and rear, the tractive effort is determined by,






1 + i2l2/ (πk)2
)] . (3.8)
The estimated vehicle-terrain parameter using Generalized Newton Raph-
son method for the type of contact areas discussed above and represented by
Equations 3.4-3.5 are summarized in Tables 5.3-5.4, respectively. These cases
are discussed in Section 5.10.1.
3.3 Tracked Vehicle Force Model Analysis
The steering of a tracked vehicle can be accomplished through a num-
ber of possible methods. These methods include skid-steering, steering by
36
articulation, and curved track steering. The robotic tracked vehicle under
consideration(PackBot) also utilizes skid steering to maneuver. In skid steer-
ing, the thrust of one track is increased and that of the other is reduced, so as
to create a turning moment to overcome the moment of turning resistance due
to the lateral skidding of the tracks on the ground. The centrifugal force is
balanced by the lateral force. The tractive force generated as a result of track
terrain interaction must be able to overcome all the resistive forces. Usually
more tractive force is required to overcome resistive forces during a turn than
during straight line motion. These resistive forces can be between the tracks
and the ground when a vehicle is cruising with constant velocity, or more
dynamic in nature like the thrust of the tracks.
3.3.1 Tracked Vehicle Planar Motion
The freebody diagram of a vehicle moving in a general planar motion
is shown in Figure 3.3. In this figure FL and FR are the thrusts on the left
and right track, respectively, as vehicle is turning left around instantaneous
center point C as the vehicle is heading in direction V . RL and RR are the
longitudinal resistive forces exerted by the soil on the left and right track,
respectively, and B is the tread of the vehicle. The lateral forces acting on
the tracks are represented by fy. If the vehicle yaw rate is high, then it will
also experience a centrifugal force which will result in creating a slip angle α
as shown in Figure 3.4.
If yaw rate of the tracked vehicle is small, then lateral force distribution
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Figure 3.3: Forces on the tracks during slow speed maneuver
Figure 3.4: Forces on the tracks during high speed maneuver
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on the inner and outer side of the tracks will be equally distributed as shown by
congruent triangular forces in Figure 3.3. Le, et al. [30] made this assumption
and it is different from the general assumption made by Shiller, et al. [29].
Shiller assumed uniform lateral force distribution along the track as shown in
Figure 3.5. However, in the Figure 3.3, the tracked vehicle is turning slowly
around its center of gravity CG. Centrifugal force is not playing any significant
role here and hence we do not see any slip angle α as a consequence.
Figure 3.5: Moment of turning resistance of the track with uniform pressure
distribution, by Wong [4]
This slip angle α is formed when vehicle is turning at higher speed
around some instantaneous point and shift the pivoting center some distance
d in the direction of motion. This shift of center of gravity creates a slip angle
α between the body-axis and heading direction of the vehicle. This shift of
instantaneous center will also impact the lateral forces acting on the track as
shown in Figure 3.4. The slip angle is always considered zero for a straight
line motion.
Figure 3.6 shows the lateral force distribution due to skid steer of a
single track as suggested by Le, et al [30]. It can be seen that during a turning
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Figure 3.6: Lateral force distribution for single track
maneuver, the track’s frontal edge experiences more resistance as compared to
the center of the track. This results in a gradual decrease in lateral resistive
force from front towards the center of the track. The lateral force shown in
triangular form are congruent, assuming vehicle yaw rate is small, so the shift













The above equations can be solved for particular cases where forces are not
congruent. If the soil is cohesionless, such as dry sand, the lateral force will be
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equally distributed, similar to what is shown in Figure 3.5. However, for our
case study, a more general approach as suggested by Wong is considered [4].
The effects of centrifugal force, turning moment resistance and lateral forces
are analyzed in simulation studies.
Figure 3.7: Freebody diagram of a tracked vehicle
Wong and Shiller both suggested that the distance d depends on vehicle
lateral acceleration. As shown in Figure 3.7, the lateral friction fy switches
direction at a distance d from the center of mass. At this point d, the track
velocity has zero lateral component. To compute d, velocity of a typical point
along the track in the body frame of reference is defined as,
vr = ẏ + ψ̇rx, (3.12)
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where rx is the distance vector of the point d in the body frame of reference.
As mentioned earlier, at point d the track velocity has zero lateral component,





where, d is always positive and, d ≤ l/2, l being the length of the track.
In order to complete the system analysis, it is important to calculate the
net lateral friction force fy, and turning moment resistance Mr. If the normal
pressure is uniformly distributed along the track, the lateral resistance per unit
length of the track fl can be expressed in terms of vehicle speed by integrating
the lateral shear force fy, and considering the condition established in Equation
3.13. Thus we have,
fl = 4µtWd, (3.14)
where µt is the coefficient of the lateral resistance. The value of µt depends
not only on the terrain, but also on the design of the track. The lateral shear
force fy is calculated as,
fy = µtW, (3.15)














If the coefficient of lateral resistance µt is considered constant, then the mo-












This moment of turning resistance is for a vehicle turning at low speeds on
level ground with uniform normal pressure distribution. However, the moment
























The effect of centrifugal force is also analyzed in Equation 3.19 for turning
moment resistance in terms of distance d. This equation suggests that the
turning moment resistance decreases with an increase of lateral acceleration.
This equation is not for straight line motion.
The thrust of the outside (right) and inside (left) tracks required to
achieve a steady state maneuver can now be expressed in terms of calculated














where µr is the coefficient of motion resistance of the vehicle in longitudinal
direction. For slow speed and steady maneuver on level ground these forces
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We have discussed earlier that the maximum thrust of a track is limited by
terrain properties as well as by vehicle parameters. This means that the forces
on the outer track or, in our case, the right track is limited as,











≤ cbl + W tanφ
2
, (3.25)











where p is the average normal pressure on the track. This mathematical ex-
pression indicates that in order for the track vehicle to steer without spinning
the outside track (right track), the ratio of the length to tread of the vehicle,
l/B, must satisfy the condition set in Equation 3.26.
Similarly from Equation 3.23, if µtl/2B > µr, this means that the
inside or left track thrust FL is negative. In other words, in order to achieve
a steady-state turn, braking of the inside (left) track is required.
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3.3.2 Dynamic Equations of Motion
As discussed earlier the tracked vehicle skid-steering depends on the
difference of thrusts developed between the inner (FL) and outer tracks (FR),
the resultant resistance forces Rtotal, and the moment of turning resistance
Mr. Figure 3.7 shows a free body diagram of a tracked vehicle moving on
a horizontal plane. The body-fixed reference frame is denoted by xyz in the
figure. The forward displacement of the vehicle center of gravity is x and ψ
is the angular displacement or yaw of the vehicle. At the instant shown, the
vehicle is turning to the left and is accelerating in the positive x, y and ψ
directions. In Figure 3.7, b is the track-width of the vehicle (i.e the spacing
between the centerlines of the two tracks) and l is the length of each side of
the track. The mass moment of inertia of the vehicle about the vertical axis
passing through its center of gravity is denoted Iz. At the instant shown, the
vehicle velocities are defined by ẋ, ẏ and ψ̇, where ẏ is the lateral velocity and
ψ̇ is the yaw rate.
The external forces acting on the vehicle consist of lateral resistive
forces RL and RR and thrust forces, FL and FR, on left and right tracks,
respectively. The lateral friction force indicated by fy arises due to lateral soil
shear and is distributed as shown in Figure 3.7.
Also shown in Figure 3.7 is an inertial frame of reference XY Z, useful
in indicating that the vehicle is turning about an instantaneous center, C. The
angle α between velocity V and x is called the side slip angle. It is assumed
that the normal pressure distribution along the track is uniform and coefficient
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of lateral resistance µt is constant. To satisfy the equilibrium condition in the
lateral direction the center of turn must lie at a distance d in front of the
transverse centerline of the track-ground contact area as shown in Figure 3.7.
This distance d depends on the vehicles lateral acceleration ÿ. It is also shown
in the figure the lateral friction force fy switches direction at a distance d from
the center of mass. At this point the track velocity has zero lateral component.
For a simple case where skid steering is taking place at low speed, the
centrifugal effects are neglected and dynamic forces for local body coordinates
are summed as,
mẍ = FR + FL −Rtotal (3.27)




[(FR −RR)− (FL −RL)]−Mr (3.29)
In order to obtain a simulated vehicle trajectory for various terrain conditions,
the above Equations of motion, (3.27) and (3.28), can be written in inertial
frame of reference as,
mẌ = (FL + FR −RL −RR) cosψ − fl sinψ (3.30)
mŸ = (FL + FR −RL −RR) sinψ + fl cosψ (3.31)
The Equation (3.29) for angular acceleration remains the same,












Mr for steady state turn is given by Equation 3.18 and in terms of vehicle
velocity is given by Equation 3.19, and this has been substituted in Equation
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3.32. The effect of centrifugal force is included in the above equation for
turning moment resistance in terms of distance d. This shows that the moment
of turning resistance decreases with an increase of lateral acceleration.
In a second case for comprehensive analysis, where the vehicle is made
to skid-steer at a high speed or with a smaller turning radius, the centrifu-
gal effects cannot be neglected, especially for mobility studies in small-scale
tracked vehicle. The centrifugal force acting on the vehicle is given by,
Fcent = mψ̇
2R. (3.33)
Thus to achieve a steady state turn for high speed skid steering, the dynamic
equations of motion for a vehicle rotating at an angular velocity ψ̇ can be
written for body-fixed reference frame as,
mẍ = FL + FR −RL −RR −mRψ̇2 sin(α) (3.34)
mÿ = mRψ̇2 cos(α)− µlW (3.35)







where µl is coefficient of lateral resistance.
3.3.2.1 Coefficients of Friction
Although Wong suggested a dependence of coefficients of friction on
turning radius for tracked vehicles on firm ground, his approach for estimating
the lateral coefficient µl has also been effective for soft terrain. Researchers
such as Al-Milli, et al [37] have also argued that the coefficient of lateral
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resistance varies not only with turning radius but also with vehicle velocity.
This effect needs to be considered for small-scale tracked vehicles. Both Wong
and later Al-Milli, et al, introduced the effect of lateral load transfer, so the




















where, h is the height of center of gravity above ground, and µr is coefficient
of motion resistance in longitudinal direction. Based on comparisons to ex-
perimental data, it is suggested that µl be expressed as a function of turning
radius and vehicle velocity. However, it is a fact that while traversing a firm
ground, the rolling resistance is relatively small compared to tractive force
and brake force. The rolling resistance is usually created by sinkage or com-
pression of terrain under the track. Thus, it will be safe to argue that the
rolling resistance is proportional to normal load. However, for a small-scale
tracked vehicle on deformable terrain the influence of these effects still need
to be established.
The µl coefficient is critical in estimating/predicting the lateral force
and moment of turning resistance (Mr) during a turning maneuver, where
Mr = µlWl/4. While this relation suggests that turning resistance is not
related to turning radius, experimental evidence confirms this relationship.
Therefore, it is suggested that µl be expressed as a function of turning radius.
A number of empirical equations have been proposed to correlate µl with
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turning radius [38].
3.4 Kinematic Model of the Tracked Vehicle
In order to estimate the vehicle-terrain parameter it is important to
first estimate slip on the right and left track, as well as slip angle, and this can
be accomplished using a kinematic model of the tracked vehicle. In a practical
sense, these kinematic relationships are helpful in controlling turning radius
and vehicle speed. This kinematic model for the instance shown in Figure 3.7




[ωL. (1− iL) + ωR (1− iR)] (3.39)




[ωR (1− iL)− ωL (1− iR)] , (3.41)
where iL and iR are the left and right side track slip, respectively. In Figure
3.7, the kinematic model positive convention is shown turning left with its left
track as the inner track. Thus ωL and ωR are the sprocket speeds for left and





In the absence of track slip, the speed of the inner or outer track is given by,
V = rω, (3.43)
where r is the pitch circle of the sprocket and ω is the angular velocity of the
drive sprocket. If longitudinal slip i is introduced between the track and the
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soil, Equation 3.43 becomes,
V = rω(1− i). (3.44)
Thus we can say that tracks slip when the sprocket angular velocity exceeds









Vehicle skid occurs if V > rω. In the equations above for slip and skid, V
is the actual forward speed of the track, r is the pitch circle of the sprocket,
and ω is the angular speed of the sprocket. In (2.7), Vj is called the speed
of slip of the track with respect to ground. When a vehicle is slipping, Vj
will be in a direction opposite to that of vehicle motion, and if a vehicle is
skidding then it is in the same direction as that of vehicle [4]. Similarly, in
some publications Vj is defined to be positive when a tractive effort produced
assists the longitudinal motions. The kinematic equations can be written in












[ωR (1− iL)− ωL (1− iR)] (3.49)
Upon transformation into inertial frame of reference the Equation (3.41) for
yaw rate remains the same. When the slip or skid of the track is taken into
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consideration the turning radius R and ψ̇ can be computed using a form sug-
gested by Wong [4],
R =
B [rωR (1− iR) + rωL (1− iL)]
2 [rωR (1− iR)− rωL (1− iL)]
(3.50)
ψ̇ =
rωR (1− iR) + rωL (1− iL)
2R
(3.51)
These forms are useful in estimating slip variables like slip/skid on left/right
track and slip angle during dynamic maneuvering.
3.5 Conclusion
In this chapter the soil-track interaction has been analyzed. The dy-
namics and kinematic model of the robotic tracked vehicle under considera-
tion have been developed. The other critical parameters such as coefficients
of lateral friction and turning moment resistance were analyzed for low and
high turning rate. These models will be used subsequently to estimate the
soil parameters after analyzing data obtained from experiments conducted at





We have established the fact that the soil parameters play a critical
role in determining the track-terrain interaction dynamic forces, and identi-
fying these is important for improving performance through traction control
and minimizing power consumption. As discussed earlier, researchers have
adopted various techniques for online parameter identification. These tech-
niques range from using trained neural networks [20–22], active perception
[23, 24], vibration-based fast spiral and variable frequency rate of turn method
[26, 39], to various estimation techniques.
Every technique adopted by researchers to estimate terrain character-
istics in real time has some limitations. For this study we focused mainly
on statistical estimation techniques like Extended Kalman Filter (EKF) and
Unscented Kalman Filter (UKF). These filters are not only robust but also
quite flexible in terms of the extent to which their design requires any model.
These estimators are already well established and in use in various fields where
estimation of unknown parameters is required. We will use these filters to es-
timate not only the true states, such as robotic vehicle orientation (X,Y,Ψ),
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and vehicle orientation rate (Ẋ, Ẏ , Ψ̇), but these filters will also be used to es-
timate system parameters such as coefficients of friction (longitudinal µr and
lateral µl), and three critical soil properties (cohesion c, deformation modulus
k, internal friction angle φ) as discussed earlier in the second chapter.
The algorithms developed are based on the kinematic and dynamic
equations of motion of the vehicle and terramechanics equations. We will
also establish (using Lie Derivative), the observability of the system parame-
ters, whether or not these parameters are uniquely determinable. In one such
case where estimation of a parameter is not possible due to the unobserv-
ability of the specific system parameters, the Generalized Newton Raphson
(GNR) method has been used to (iteratively) estimate the parameter. Results
obtained from simulation based algorithms are verified and compared with
available experimental data, and tested with results from experiment with
a PackBot traversing specified terrains at the Southwest Research Institute
(SwRI), San Antonio, Texas. In the next sections, we describe the structure
and operation of Extended Kalman Filter (EKF) based on the Kalman Fil-
tering Technique, Unscented Kalman Filter (UKF), and Generalized Newton
Raphson (GNR) method.
4.2 Kalman Filter
Understanding the basic Kalman Filter (KF) technique is necessary be-
fore discussing the Extended Kalman Filter (EKF) algorithm, which we will
develop later to estimate various parameters. The Kalman Filter has been dis-
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cussed in a numerous papers and books with multiple variations [2, 9, 40–42].
KF is mainly used for estimation and performance analysis of the estimators.
It undertakes a complete statistical characterization of an estimation prob-
lem by propagating the probability distribution of the variable it is designed
to estimate. It uses measurements that are observed over time that contain
Gaussian white noise or other inaccuracies, and estimates the true values of
measurements by predicting a value, estimating the uncertainty of the pre-
dicted value, and computing a weighted average of the predicted value and
the measured value. However, it is best defined as a recursive, linear and
minimum mean squared error estimator. It is recognized to have the smallest
mean-squared error as compared to any other estimation method.
4.2.1 Process Equation
The process model can be represented by a system of nonlinear differ-
ential equations in continuous time as,
ẋ(t) = f (x(t), u(t), t) + w(t), (4.1)
where x(t) ∈ Rn is the state at the time t, u(t) is the control input, and w(t) is
random noise in the system. This function f is a mapping matrix from state
and control inputs to the state velocities at a specific time t, and this function
f is defined as the process model. The equivalent discrete time model equation
is defined as,
x(k) = f [x(k − 1), u(k), k] +G(k)w(k). (4.2)
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Figure 4.1: Graphical representation of a discrete-time dynamical system, from
[9]
In discrete filter implementation, the time interval 4t , t(k) = tk-tk−1
between successive samples is constant and is usually dropped for simplicity of
the equation. The Kalman filter (KF) estimates the state x ∈ Rn of a discrete
time controlled process that is governed by the linear stochastic difference
equation as shown graphically in Figure 4.1. The equation is represented by,
xk+1 = A(k)xk−1 +B(k)uk−1 + wk−1, (4.3)
where A is the n×n matrix that relates the state at a previous time step k−1
to the state at the current step k. The n × m matrix B relates the control
input u ∈ Rm to the state x. The random variable wk represents the process
noise, assumed as a white noise with normal probability distribution,
p(w) ∼ N(0, Q), (4.4)




Similar to process equations, the state observations can be described
by a nonlinear vector function as described in following equation
y(t) = h(x(t), u(t), t) + v(t), (4.5)
where y(t)∈<l is the observation made at the time t, h is the function mapping
the state and control inputs to observations and it is termed as observation
model. v(t) is the noise in the measurement model itself. The observations
are recorded usually at a discrete interval of time and are represented as,
yk = Hkxk + vk, (4.6)
where l × n matrix H is the measurement matrix that relates a state to the
measurement yk. The measurement noise vk is additive white noise with zero
mean and normal probability distribution,
p(v) ∼ N(0, R) (4.7)
The noise wk and vk are independent of each other and are uncorrelated and
R is the measurement noise covariance matrix.
4.2.3 The Discrete Kalman Filter
The apriori and aposteriori estimate errors are defined, respectively,
as,
e−k = xk − x̂
−
k (4.8)
ek = xk − x̂k (4.9)
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where x̂−k is apriori state estimate and x̂k is aposteriori state estimate at step
k and given measurement yk. As discussed, the idea behind designing KF is to
compute an aposteriori state estimate x̂k as a linear combination of an apriori
estimate x̂−k and a weighted difference between the actual measurement yk and












is also known as a residual, and reflects the diver-
gence between the predicted measurement Hx̂−k and the actual measurement
yk. A zero residual means there is no divergence.
The matrix K is the kalman gain matrix that is selected as such to








Substituting Equation 4.10 in Equation 4.11 and solving by performing the
indicated expectations, the resulting kalman gain that minimizes Equation










The Equation 4.12 suggests that as the measurement error covariance R ap-
proaches zero, the actual measurement yk is given more weightage as compared
to Hx̂−k . Whereas, if covariance P
−
k approaches zero, then in this case Hx̂
−
k is
given more weightage as compared to yk.
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The algorithm for KF is written in two categories for time update and
measurement update equations:
1. Time Update Equations:
x̂−k = Ax̂k−1 +Buk−1 (4.13)
P−k = APk−1A
T +Q (4.14)

















Pk = (I −KkH)P−k (4.17)
The time update equations obtain the apriori estimates by projecting
forward in time the current state and error covariance estimate. Whereas,
the measurement update equations incorporate the new measurement into the
apriori estimate to obtain an improved aposteriori estimate. After each time
and measurement update, the process is repeated with the previous aposteriori
estimates to predict the new apriori estimates. This recursive nature of the
Kalman filter is shown in Table 4.1.
4.3 Extended Kalman Filter
The Kalman filter deals with the estimation of a state vector of a dis-
crete time controlled process that is governed by linear differential equations.
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Initialize at t0






(A) Read the next observation: ti, Yi, Ri
Integrate reference trajectory and STM from ti−1 to ti
Ẋ∗=F(X∗(t), t) with initial conditions X∗(ti−1)
A(t)=[∂F (X, t)/∂X]∗, evaluated on nominal trajectory
Φ̇(t, ti−1)=A(t)Φ(t, ti−1), Φ(ti−1, ti−1) = I
This gives X∗(ti),Φ(ti, ti−1)
Time Update
x̄i=Φ(ti, ti−1)x̂i−1
P i= Φ(ti, ti−1)Pi−1Φ
T (ti, ti−1)

























Table 4.1: The sequential estimation algorithm flow chart, from [2]
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However, the Extended Kalman Filter (EKF) is used if the process to be esti-
mated or the measurement relationship to the process is nonlinear. Generally a
kalman filter that linearizes about the current mean and covariance is referred
to as EKF. In EKF the process governed by a nonlinear stochastic equation
is given as,
xk = f(xk−1, uk−1, wk−1) (4.18)
yk = h(xk, vk), (4.19)
where xk−1 is the state, uk−1 is the known input vector, and f(., ., .) is the
nonlinear state transition function that maps the previous state and the cur-
rent control input to the current state. In Equation 4.19, yk is the observation
made at time tk and h(., .) is the nonlinear observation model mapping the
current state to the observation. Random variable wk and vk are the uncor-
related process and measurement noise, respectively. These random variables
are considered independent, zero-mean, Gaussian noise process of covariance
matrix Qk and Rk, respectively. However, random variables are not considered
normal after undergoing respective nonlinear transformations. This transfor-
mation for random variables is marked as one of the shortcomings in EKF.
One of the important differences between KF and EKF is that the reference
trajectory for the EKF is updated after each observation to project the best
estimate of the true trajectory. The best estimate of the state vector at tk is
used to provide new initial conditions for the reference trajectory,
(X∗k)new = X̂k = X
∗
k + x̂k. (4.20)
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The integration of the reference trajectory and the state transition matrix
is reinitialized at each observation, and the equations are integrated forward
from tk to tk+1. The estimate is then computed as,
x̂k+1 = Kk+1yk+1, (4.21)
where Kk+1 and yk+1 are computed based on the new reference trajectory.
Then, the reference trajectory is updated by incorporating x̂k+1. This reference
trajectory is the prediction of the estimate of the nonlinear state recognized
as X∗(t) = X̂(t).
The EKF is considered to be the best linear estimator with respect to
a minimum mean squared error. One of the advantages of EKF algorithm
is its quick convergence to the best estimate as the errors introduced in the
linearization process are reduced. The disadvantage of the EKF is that the
differential equation for the reference trajectory must be reinitialized after each
observation is processed [2]. Extended Kalman Filter algorithm processing flow
chart is given in Table 4.2
4.3.1 Tuning Parameters
Generally it is not possible to observe the process that is required to
be estimated, making it difficult to determine the process noise covariance
Q. The estimated results are usually improved by injecting uncertainty in
the process model via the selection of Q. However, the measurement noise
covariance R can be measured prior to the operation of the filter. Some off-
line sample measurements can be gathered to determine the variance of the
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Initialize at t0





(A) Read the next observation: ti, Yi, Ri
Integrate reference trajectory and STM from ti−1 to ti
Ẋ∗=F(X∗(t), t), initial conditions X∗(ti−1)
A(t)=[∂F (X, t)/∂X]∗, evaluated on nominal trajectory
Φ̇(t, ti−1)=A(t)Φ(t, ti−1), Φ(ti−1, ti−1) = I
This gives X∗(ti),Φ(ti, ti−1)
Time Update
P i= Φ(ti, ti−1)Pi−1Φ
T (ti, ti−1)




























Table 4.2: The extended sequential estimation algorithm flow chart, (from [2])
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measurement noise. The performance of the filter is improved by tuning these
filter parameters Q and R. This tuning is usually performed off-line with the
help of another Kalman filter referred to as system identification.
If Q and R are constant, then both estimation error covariance Pk and
the Kalman gain Kk will attain steady state quickly. In such cases these
parameters can be pre-computed by running the filter off-line. However, in
case where the measurement error does not remain constant, the dynamic Qk
can be selected to account for uncertainty in the model.
4.3.2 State Noise Compensation
To understand how State Noise Compensation (SNC) can improve, we
can borrow from the example in Tapley, et al, [2]. They consider a particle
moving with constant velocity is perturbed by some sinusoidal acceleration,
then the filter cannot compensate for this acceleration if this perturbation is
not included in the dynamic model. The dynamic model usually assumes con-
stant velocity for the particle motion and does not incorporate process noise.
Thus, the filter quickly saturates and estimation performance is negotiated.
The State Noise Compensation (SNC) algorithm provides a means to improve
estimation performance through partial compensation for the unknown sinu-
soidal acceleration [2]. This phenomenon of states being influenced by random
acceleration is also observed where slip parameter estimations are made using
a kinematic model of a robotic tracked vehicle. The SNC algorithm is found
to improve the parameter estimation remarkably.
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SNC algorithm includes a random component to the constant velocity
model of a particle motion. The process noise covariance integral needed for







Φ(t, τ)BBTΦT (t, τ)dτ, (4.22)
where B is the process noise mapping matrix and σu is known as diffusion
constant or tuning parameter. The magnitude of the process noise covariance
matrix and its effects on estimation performance are functions of this diffusion
coefficient, whose value can be adjusted to optimize performance.
The solution for homogeneous equation, ẋ(t)=A(t)x(t), can be written
in a discrete form as,




where u(t) is considered to be a piecewise constant function. Whereas, the
equation for propagating the state estimate without process noise is given as,
x(t) = Φ(t, tk1)x̂k−1. (4.24)
The error covariance matrix is defined as,
P k+1 = E
[
(xk+1 − xk+1)(xk+1 − xk+1)T
]
. (4.25)
Now by substituting Equations 4.23 and 4.24 into 4.25 and carrying out
the expectation operation, this will lead to a new estimation error covariance
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matrix given as,
P k+1 = Φ(tk+1, tk)PkΦ
T (tk+1, tk) + Γ(tk+1, tk)QkΓ






P k+1 can now be obtained using the state and process noise transition matrices
as indicated in Equation 4.26. The process noise covariance matrix now carries
the random component to the constant velocity model of a particle motion.
The process covariance matrix Qk can be tuned as discussed for Equation 4.22.
The Equation 4.26 will replace the error covariance measure update equation
in EKF algorithm as shown in Table 4.2.
4.4 Unscented Kalman Filter
The unscented Kalman filter (UKF) is considered to be an alternative
to EKF. UKF algorithm does not involve derivative with respect to time and
there are claims that it provides better performance compared to EKF, al-
though both algorithms have similar computational complexity [9]. It was
highlighted during the discussion of EKF algorithm that EKF state distribu-
tion is approximated by the Gaussian random variable, which is propagated
through a first order linearization of the nonlinear system. This procedure can
lead to divergence of the filter estimate. However, contrary to this approach,
UKF incorporates a deterministic sampling approach. The state distribution
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approximated by Gaussian random variables is represented by a set of chosen
sample points. These selected points represent the true mean and covariance
of the Gaussian random variables. These variables are propagated through a
true nonlinear system and capture the posterior mean and covariance. These
posterior mean and covariance are accurate to second order for any nonlinear-
ity, whereas, these statistics are accurate up to first order for EKF.
Julier and Uhlman were the first researchers to propose UKF algo-
rithms, and make use of the unscented transformation method to give a Gaus-
sian approximation to the filtering solutions of nonlinear optimal filtering prob-
lem [43]. The UKF algorithm was however further developed by Wan and Van
Der Merwe [9].
4.4.1 Unscented Transformation
The unscented transformation is described as a method for calculating
the statistics of a random variable which undergoes a nonlinear transformation
[43]. Let’s consider a random variable x of dimension L that is propagated
through a nonlinear function y = f(x). The mean and covariance of this
random variable are x̄ and Px, respectively. The matrix χ of 2L + 1 sigma
vectors are formed to calculate the statistics of y as,












i = 1, ..., 2L
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where λ is a scaling parameter defined as,
λ = α2 (L+ κ)− L (4.29)
The constant α determines the spread of the sigma points around x̄. The con-
stant κ is a secondary scaling parameter and β represents the prior knowledge
of the distribution of x. These sigma vectors are then propagated through a
nonlinear function,
Yi = f(χi), i = 0, ..., 2L (4.30)
The mean and covariance for y are then approximated using a weighted sample










[Yi − ȳ][Yi − ȳ]T (4.31)
where weight Wi is calculated as,
W
(m)
0 = λ/(L+ λ) (4.32)
W
(c)





i = 1/[2(L+ λ)], i = 1, ..., 2L (4.34)
The unscented transformation (UT) results in approximations that are
accurate to the third order for Gaussian inputs for all nonlinearities, and
for non-Gaussian inputs approximations are accurate to the second order
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[9]. A simple illustration of the UT approach is shown in Figure 4.2 for a
2-dimensional system. The left plot shows the true mean and covariance prop-
agation using Monte-Carlo sampling, the center plots shows the result using
a linearization approach by an EKF, the right plots show the performance of
the new sampling approach where only 5 sigma points are required. It can
also be seen from the same figure that, UT method is remarkably different
from Monte-Carlo sampling methods which require more sampling points to
propagate non-Gaussian distribution of the state as compared to a UT method.
Figure 4.2: Mean and covariance propagation. a)acutal, b)first-order lineariza-
tion EKF, c)new sampling approach UKF. [3]
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4.4.2 Unscented Kalman Filter









The UKF as described earlier is the extension of the UT to the recursive
estimation given by Equation 4.35. The state random variable is redefined
including the noise variable and the original state. Then the UT sigma points
scheme, as shown in Equations 4.28, is applied to the augmented state random
variables to calculate the corresponding sigma matrix as shown in Table 4.3
for standard UKF algorithm.
For a standard UKF algorithm, the constant α which determines the
spread of the sigma points around x̂ is usually set to (1e−4 ≤ α ≤ 1). β defines
a prior knowledge of the distribution of x, and for Gaussian distribution, β = 2
is considered optimal. A secondary scaling parameter, κ, is usually set to 0 or
(3− L). The algorithm proceeds as shown in Table 4.3.
4.5 Generalized Newton Raphson Method
A Newton Raphson (NR) method is used to find the roots of a nonlinear
equation f(x) = 0. It requires an initial guess of the root to start an iterative
process to find roots of an equation. NR method is based on the principle that




P0 = E[(x0 − x̂0)(x0 − x̂0)T ]
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√
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k + κk(yk − ŷk)
Table 4.3: Standard UKF algorithm, from [3]
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to the curve at f(xi), the point xi+1 where the tangent crosses the x-axis is an
improved estimate of the root. This principle is illustrated in Figure 4.3
Figure 4.3: Geometrical illustration of Newton-Raphson method
The slope of a function at x = xi is defined as,





simplifying Equation 4.36 gives,




Equation 4.37 is known as Newton-Raphson equation for solving nonlinear
equation for the formula f(x)=0. So starting with an initial guess, xi, we can
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find the next guess, xi+1, by using Equation 4.37. We will repeat this process




If the |∈a| in Equation 4.38 is greater than the the specified tolerance, then
we will repeat the step in Equation 4.38. We will also keep a check on number
of iterations allowed. If the iteration has exceeded the maximum number of
iterations then algorithm needs to be terminated. These excessive iterations
could be an error due to either divergence at inflection points or oscillation
near local maximum and minimum point. This is also considered a drawback
of the Newton-Raphson algorithm.
The Generalized Newton Raphson (GNR) method based on NR tech-
nique can be adopted to identify some of the critical soil parameters that affect
the tractive force required by the tracked vehicle to move forward. This trac-
tive force has been derived earlier in Chapter 3, and is represented by Equation
3.4. The thrust force developed underneath the track in terms of the track
slip i is given by,








where l is the length of the track in contact with the terrain, W is the normal
load on the track, and A is the area of the track. The critical soil parameters
such as cohesion c, deformation modulus k and internal friction angle φ are
required to be estimated.
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There is one major computational difference between GNR and NR
method. The NR method requires the same number of equations as the number
of unknowns. Whereas, GNR method uses more equations than the number
of unknowns. The algorithm for GNR begins with the equation,
f(p, xi) = 0. (4.40)
Equation 4.40 represents a single equation with n unknown parameters for
a nonlinear system at time ti, p∈Rn represents a vector with n number of
unknown parameters in the system, and xi∈Rm is the measurement vector.
As per the requirement of GNR algorithm to find p, we need q independent
equations, i.e (q > n). These equations are formulated by evaluating the
function f at q different time samples, i.e., (t1, t2, ..., tq). The resultant q
nonlinear equations can be written as,
f1 (p1, p2, ..., pn, x1(t1), x2(t1), ..., xm(t1)) = 0
f1 (p1, p2, ..., pn, x1(t2), x2(t2), ..., xm(t2)) = 0
...
...
f1 (p1, p2, ..., pn, x1(tq), x2(tq), ..., xm(tq)) = 0 (4.41)
Using Taylor series expansion while neglecting higher order terms and













































The Equation 4.42 can be iteratively solved for unknown parameter
p for some initial condition p0. The GNR algorithm has a fast convergence
speed and it is robust to noise. The GNR can be implemented to estimate soil
parameters using track-terrain interaction dynamics given by Equation 4.39.
The vector p consists of three unknown parameters namely, c, k and φ. The
vector x consists of two known or measured parameters, in this case tractive
force F and slip i. The nonlinear equation can now be expressed as,
f1(c, k, φ, F1, i1)
f2(c, k, φ, F2, i2)
...
fq(c, k, φ, Fq, iq)
 = 0 (4.43)
where p=[c, k, φ]T and x=[F, i]T . Let p0 defines the initial condition of the
parameters to be estimated. Then using GNR algorithm, the Equation 4.42














f1(c, k, φ, F1, i1)
f2(c, k, φ, F2, i2)
...
fq(c, k, φ, Fq, iq)
 (4.44)
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Three highly efficient and proven statistical estimation techniques (KF,
EKF and UKF) as were as the GNR method were introduced and developed
in this chapter. Their limitations were also discussed during the derivation of
these algorithms. These algorithms have been used by researchers in fields of
study. Chapter 5 discusses the estimation results using all these algorithms.
The objective is not to compare the efficiency or effectiveness of one algorithm
over the other. These algorithms will be used in coordination to develop one
comprehensive model and algorithm cycle to estimate all the major and critical
soil properties which have been discussed in Chapter 2 and Chapter 3.
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Chapter 5
Simulation and Experimental Results
5.1 Introduction
In this chapter, before presenting the simulation model developed to
study the sensitivity of a small-scale tracked vehicle in estimating vehicle-
terrain properties, a brief description is given of the characteristics, design, and
instrumentation of the iRobot PackBot, the robotic tracked vehicle used in the
experimental studies. After a brief explanation of the simulation model and
experiments conducted at Southwest Research Institute (SwRI), San Antonio,
Texas, subsequent sections discuss the impact and importance of the estimated
slip values and the coefficients of friction towards estimating the vehicle-terrain
properties.
The main focus of this chapter is to discuss various algorithms, their re-
sults, and assumptions leading to the development of the much desired vehicle-
terrain parameters. The parameter estimation results have been structured in
three major categories. These categories discuss the estimates of slip variables,
coefficients of friction, and vehicle-terrain parameters. In the first category,
the slip estimation results using the EKF and UKF for deformable and non-
deformable terrain have been discussed in Section 5.5 and 5.6, respectively.
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Each slip estimation discussion has been further subdivided into indoor and
outdoor test results and their analysis. Similarly, in the next category, the
coefficients of friction estimates using the EKF and UKF for deformable and
non-deformable terrains have been discussed in Section 5.8.2 and 5.8.3, respec-
tively. In the last category, the GNR and EKF based vehicle-terrain estimation
results for various terrains have been discussed in Section 5.10. A comparison
has been made between the performances of the estimation algorithms at the
end of each major category.
5.2 Robotic Tracked Vehicle Description
The remotely-operated PackBot was developed by iRobot in 1998 as
a part of research agreement with DARPA. This tactical mobile robot was
initially designed with an idea to provide remote reconnaissance and surveil-
lance to tactical units. However, the PackBot has been in use by various
organizations most successfully in war theaters like Afghanistan and Iraq to
clear caves, minefields, and in searching installations. PackBots are available
in many models and configurations, and one such PackBot is shown in Figure
5.1. The PackBot is a dual-motor driven system and can cruise to a speed
of 14km/hour on a hard surface. The elastomer tracks are 3 inches wide and
have grousers with a height of 5/16 inch. It can negotiate obstacles such as
rocks, stairs, and logs with the help of flippers, which can rotate 360 degrees.
It can climb grades up to 60% and can survive a drop from 2 meter height on
a hard surface like concrete. The PackBot can also be fitted with extra treads
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Figure 5.1: Packbot
at the rear of the vehicle for increased mobility. Its design features provides for
vibration resistance, electromagnetic resistance, wide operation temperature
range with low electromagnetic signature. It can also operate underwater up
to 2 meter deep. The basic weight of the robot is only 14 kg, making it very
feasible to be carried in a backpack. The geometric dimensions of the PackBot
and its specifications are summarized in Appendix A.
The PackBot is integrated with a number of state of the art sensors.
It has a GPS receiver, electronic compass, roll sensors, tilt sensors, 3-axis
accelerometers, cameras, infrared sensors, and temperature sensors. The robot
is controlled by an integral Pentium based computer. It has standard USB and
Ethernet port for communications and networking between the PackBot and
the Operator Control Unit (OCU). The OCU uses laptop pc and hand-held
controller.
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5.3 Simulation Model and Verification Studies
The diagram in Figure 5.2 represents a simulation model developed to
study the sensitivity of a tracked vehicle in estimating vehicle-terrain parame-
ter and slip variable. Various simulation studies were conducted to verify this
model for later use. For example, trajectories such as those shown in Figure
5.3 are developed by varying the vehicle-terrain parameter in simulation of a
simple U-turn maneuver. Nominal soil properties taken from Wong [4] and
used in these simulations are summarized in Table 5.1. The simulation uses
a fixed-step ODE solver, and the sprocket speeds ωL(t) and ωR(t) are defined
as known inputs to the left and right track sprockets, respectively. The slip
model used in this model, as shown in Figure 5.2, has been discussed in Equa-
tions 2.7 and 3.45. The dynamic model for inertial frame of reference has been
discussed earlier and is given in Equations 3.30-3.32.
Figure 5.2: Simulink model for PackBot
Table 5.1: Soil Properties (from [4])
Soil Type c, N/m2 φ, deg k, meter
dry sand 1040 28 0.01
loose sand 1720 29 0.0254
clayey soil 4140 13 0.006
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Figure 5.3: PackBot simulated trajectory for various soil parameters
Figure 5.4: Lateral coefficient of friction impact on simulated trajectory
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Besides soil parameters, the other critical parameters are the longitudi-
nal and lateral coefficients of friction. As discussed earlier the resistive forces
on the tracks are modeled, R = µrW/2. For small-scale tracked vehicles, µr,
the longitudinal coefficient of friction, will be considered independent of veloc-
ity due to the assumption that small-scale tracked vehicles primarily interact
with terrain in a region where soil responds linearly, particularly due to low
vehicle weight, W . This assumption may be more valid compared to cases
where researchers consider it as dependent on velocity. During a turning or
yawing maneuver, for example, the lateral forces play a dominant role in con-
trolling the yaw angle of the vehicle. Again, as per Wong [4], the lateral force
per unit length is fl = µl/l.W , where µl is the lateral coefficient of friction.
The lateral resistance of a track also depends on the skid of the track in the
lateral direction and on turning radius [44]. However, the lateral coefficient of
friction is assumed to be in a reasonable range from 0.45 to 0.9 for a rubber
track on various soil types [4]. The effect of changes in lateral friction on a
U-turn trajectory in dry sand is shown in Figure 5.4. During the estimation
of the vehicle-terrain parameter, these coefficients of friction can be estimated
using the dynamic tracked vehicle model. However, for the sake of brevity
these coefficients are not estimated in the current simulation model. However,
the coefficients of friction dependence on vehicle velocity and turning radius
will be investigated in a subsequent section.
Computed left and right track slip values for the different soil types
are shown in Figure 5.5, corresponding to the trajectories in Figure 5.3. The
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(a) Slip right track
(b) Slip left track
Figure 5.5: Computed slips for various soil types
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negative force or braking force is essential for the left track whenever a tracked
vehicle has to turn left during a maneuver. This braking force is generated
with the help of negative slip, or skid, as discussed earlier. For any maneuver
or turn, the force developed on the outer track, or in this case the right track,
is more critical as compared to the inner (or left track). The force on the right
track must be sufficient to overcome any moment of resistance. These tractive
forces are limited not only by terrain properties but also influenced by vehicle
properties [4]. For the right track,




where b is the track width, and c and φ are the cohesion and angle of internal
shearing resistance of the terrain, respectively. Similarly, if µll/2B > µr, then
in order to achieve a steady state turn, the braking of the inside track is
required, where µr is the longitudinal coefficient of motion resistance and µt
is the lateral coefficient of resistance. Example dynamic tractive forces for the
left and right tracks for various terrains are shown in Figure 5.6.
It is also observed in Figure 5.6 that the maximum tractive effort is
developed when the vehicle is moving on cohesive soil (clayey soil), as compared
to when it is moving on frictional soils (dry sand, sandy loam). This is because
for dry sand the cohesion is negligible and tractive effort depends on the vehicle
weight. In contrast, for clayey soil the value of φ is very low and tractive effort
depends on the contact area of the track and vehicle weight has little effect.
This is also the reason that tractive force developed for both the frictional soil
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(a) Tractive force right track
(b) Tractive force left track
Figure 5.6: Computed forces for various soil types
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types (dry sand and sandy loam) are almost identical; i.e., vehicle weight is
a dominating factor. The tractive force for frictional soil is also less due to
the greater value for shear deformation parameter, k, as compared to cohesive
soil. Due to this value of k, the magnitude of the shear displacement required
to develop the maximum shear stress is greater in case of cohesive soil as
compared to the frictional soil.
5.4 Test Site and Test Procedures
The PackBot was made to maneuver on various terrains and platforms
at Southwest Research Institute (SwRI) in San Antonio. These tests were
conducted on several occasions. Some state of the art equipment was used
to record the desired data such as angular speed of the sprockets, orientation
of the PackBot and power supplied to both motors. Differential GPS was
used to record the orientation of the PackBot while performing tests outdoors.
No specific platforms were prepared for outdoor tests. In one test phase, the
PackBot was made to maneuver on selected soft sandy terrains (softball field
and volleyball field) at SwRI. The terrains are shown in Figure 5.7 and 5.8,
respectively.
State of the art differential GPS (Thales Navigation, Inc., Z-XtremeT dif-
ferential GPS receiver) was used to record the position of the PackBot while
traversing outdoor terrains. This system requires two receivers, one that’s
stationary and another that is moving around making position measurements.
GPS receivers use timing signals from at least four satellites to establish a po-
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Figure 5.7: Softball field
Figure 5.8: Volleyball field
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sition. The reference receiver which is the most important has been accurately
surveyed at SwRI and placed on the top of a building. This reference station
receives the same GPS signals as the moving receiver and back-calculates the
positions. Instead of using timing signals to calculate its position, it uses its
known position to calculate timing. It figures out what the travel time of the
GPS signals should be, and compares it with what they actually are. The
difference is an error correction factor. The receiver then transmits this error
information to the moving receiver so it can use it to correct its measurements.
The reference receiver quickly runs through all the available satellites and com-
putes each of their errors and transmits it to the moving receiver. The moving
receiver gets the complete list of errors and applies the corrections for the
particular satellites it is using. The differential GPS mounted at PackBot can
measure position within millimeter of an actual or true position of the Pack-
Bot. Similarly, for indoor tests two special platforms of dry sand were created
to perform simple maneuvers. For these indoor tests instead of GPS, a more
accurate and commercially available Vicon motion capture system (MOCAP)
was used to measure the motion of the PackBot. Six cameras were placed at
critical positions and synchronized before test runs to record the entire trajec-
tory of the PackBot motion. Cameras track the visualization markers placed
on the PackBot. The dry sand test bins along with Vicon cameras are shown
in Figures 5.9 through 5.11.
Besides recording the orientation of the PackBot, the other critical
parameter required for estimation algorithm is the sprocket angular speed. As
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Figure 5.9: Indoor dry sand test platform 1
Figure 5.10: Motion capture system Vicon camera
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Figure 5.11: synchronization test-MOCAP system
mentioned earlier the PackBot is equipped with two DC drive motors. Motor
speeds are monitored through encoders, but the onboard computer records
and displays PackBot turn rate (ψ̇) and forward velocity using the angular
speed of the sprockets. These equations have to be solved simultaneously to








(ωL − ωR) (5.2)
where, B is the tread of the PackBot, r is the radius of the sprocket. Here
V is the forward velocity and ψ̇ is the turn rate in Equations 5.1 and 5.2,
respectively. Solving these equations simultaneously results in the angular
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These angular speeds are calculated offline and stored to be used later as inputs
to the estimation algorithms.
5.5 Slip Variable Estimation-EKF
The simulation studies have suggested that, if estimated accurately,
slip may be useful in determining vehicle-terrain parameter [45]. The simplest
method for estimating slip is by using the kinematic model summarized in
Equations 3.47-3.49. The trajectory data is either stored for offline use as a
truth table or used in real-time to estimate slip using statistical estimation
techniques. Through the kinematic model of the tracked vehicle, it is desired
to estimate the left and right track slip values, slip angle, and the orientation of
the tracked vehicle. It will be assumed that the left and right sprocket speeds,
ωL and ωR, are known inputs. The states and parameters to be estimated are
































As mentioned earlier, kinematic equations of the model will be used to esti-






[ωL. (1− iL) + ωR (1− iR)] cosψ + (ẋ tanα) sinψ
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2
[ωL. (1− iL) + ωR (1− iR)] sinψ − (ẋ tanα) cosψ
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5.5.1 Estimation Methodology Slip Variable-EKF
The state transition matrix developed to evaluate the nominal trajec-
tory in this case is nonlinear, so the Extended Kalman filter is required and a
simple Kalman filter or batch estimation methods would not be able to give
accurate estimates. A more critical advantage of using an Extended Kalman
filter is that the reference trajectory is updated after each observation to re-
flect the best estimate of the true trajectory. As the reference trajectory is
updated at each observation, the state transition matrix has to be re-initialized
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for each instance of observation during an integration routine. The kinematic
equations of motion are integrated from tk−1 to tk and can now be expressed
in the form,
Ẋ∗ = F (X∗, t) ∀, X∗(tk−1) = X̂k−1 (5.8)
φ̇(t, tk−1) = A(t)φ(t, tk−1) ∀, φ(tk−1, tk−1) = I (5.9)
In the given state transition matrix, A(t) is linearized and evaluated on a
nominal trajectory. An expression for A(t) is given in Appendix E.
Based on the preceding discussion, the process model can be expressed
in discrete form in the presence of process noise v(k) as,
x(k) = f(x(k − 1), u(k)) + v(k). (5.10)
However, since this estimation is carried out offline, we can numerically inte-
grate the state-space equations in 5.7 using any differential equation solver.
The observation model is computed as,








are the observations to be read online or recorded earlier. Similarly, the obser-
vation state matrix is also linearized and computed on a nominal trajectory
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before the computation of the Kalman gain matrix. The linearized observation










It has been assumed for this algorithm that state dynamics are influ-
enced by random slip variations characterized as white noise. Thus, the process
noise covariance integral needed for the time update of the estimation error
covariance matrix at time tk is computed using the State Noise Compensation
(SNC) algorithm as discussed earlier in section 4.3.2. This SNC will improve
the estimation performance, especially of slip values, through partial compen-
sation for uncertain slip variations [45]. It has been assumed for this algorithm
that state dynamics are influenced by random slip variations characterized as
white noise. Thus, the process noise covariance integral needed for the time
update of the estimation error covariance matrix at time tk is computed as,
P̄k+1 = Φ(tk+1, tk)PkΦ
T (tk+1, tk)+
Γ(tk+1, tk)QkΓ






Q is process noise covariance matrix and B is the process noise mapping ma-
trix. Q(t) is a simple diagonal matrix and its elements are determined heuris-
tically. The advantage of using process noise lies in the fact that value of P (t)
will approach a non-zero value determined by Q(t).
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5.5.2 Slip Variable Estimation Results-EKF
The estimation method described in the previous section has been eval-
uated using both simulation studies and against experimental data for a small-
scale tracked vehicle having parameters equivalent to those of the PackBot. In
these studies, the EKF estimates the slip values using vehicle trajectory data.
The EKF reads (X, Y,Ψ) from a truth table saved earlier as observations and
then estimates left and right track slip, iL and iR, and slip angle, α, as well as
PackBot orientation.
5.5.2.1 EKF Slip Variable Estimation-Indoor Test
During indoor testing in a sand pit, a PackBot was remotely controlled
in U-turns on a dry sand, and on-board data was logged and later synchro-
nized with measurements of full vehicle motion from a Vicon Motion Capture
System. The sprocket angular velocities as monitored by on-board encoders
during a U-turn maneuver are shown in Figure 5.12.
The observed and estimated trajectory as well as estimated slip variable
are summarized in Figure 5.13 and 5.14. It can be seen that the EKF is
optimized enough to track the vehicle very closely. It should be clarified that
the trajectory and yaw for the PackBot are measured using the motion capture
system, while the EKF estimations are based entirely on onboard data. The
estimated slip values are accurate and have trends similar to those observed in
simulation results for a nominal dry sand. Another notable comparison is made
in Figure 5.14(a). This graph overlays the estimated inner (left) and outer
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Figure 5.12: Control input to left and right track sprockets measured on an
iRobot PackBot during a U-turn maneuver in dry sand.
(right) track slip values against values calculated using a speed estimate for
the vehicle derived from the motion capture data. Note also that coefficients of
friction in these models have used nominal values tuned during the simulation
studies.
The effect of adding SNC in the EKF algorithm is examined in Figure
5.15. It was found that estimation of the trajectory improved as the slip and
slip angle estimations improved through addition of process noise. The vehicle
orientation estimates in Figure 5.15 should be contrasted with those given in
Figures 5.13(a) and (b).
The estimated trajectory and yaw angle orientation of the PackBot has
been developed after updating and computing the process noise covariance
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(a) Estimated and measured trajectory
(b) Estimated and measured yaw
Figure 5.13: EKF estimated and measured PackBot orientation on a sand pit
(platform 1) using SNC
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(a) Inner and outer slip
(b) slip angle
Figure 5.14: EKF estimated and measured PackBot slip parameters for sand
on a platform 1 using SNC
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(a) Estimated and measured trajectory
(b) Estimated and measured yaw in radians
Figure 5.15: EKF estimated and measured states without adding process noise
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matrix. If the process noise mapping matrix is not introduced in the algorithm
results are as shown in Figure 5.15.
5.5.2.2 EKF Slip Variable Estimation-Outdoor Test
PackBot was also made to maneuver outdoor on various terrains as dis-
cussed earlier. Differential GPS orientation data was captured and then syn-
chronized with onboard PackBot encoder data. The EKF algorithm was used
for this set of data without making any changes to process noise covariance
matrix or initial expected values of apriori error covariance matrix. As men-
tioned, the EKF was not recalibrated for outdoor tests, and it demonstrated
robustness for various speeds and maneuvers. The test runs were performed
on a sandy volleyball court and softball field. During outdoor test runs, there
was a sporadic light rainfall, but overall the sand was dry. The PackBot was
made to maneuver at three different set speeds (0.5 m/sec, 1 m/sec and 1.5
m/sec). For these set speeds, the PackBot was manually maneuvered in a
rough rectangular pattern with soft and sharp turns at the end of the straight
runs. The EKF estimates for slip variable and orientation on the sandy vol-
leyball court are shown in Figures 5.16 through 5.19, whereas the results for
the softball field are shown in Figures 5.20 through 5.22.
It is pertinent to mention here that the EKF was only calibrated once
for first indoor test, and the EKF with same settings was used for all the other
indoor and outdoor tests. Figure 5.23 shows the estimated slip parameters
and the PackBot orientation on a grass-gravel mixture. These results once
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Figure 5.16: EKF trajectory and slip estimates during a U-turn maneuver on
a sandy volleyball court-test run 1 for V=0.5 m/sec
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Figure 5.17: EKF trajectory and slip estimates during a U-turn maneuver on
a sandy volleyball court-test run 2 for V=0.5 m/sec
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Figure 5.18: EKF trajectory and slip estimates during a U-turn maneuver on
a sandy volleyball court-test run 3 for V=1.0 m/sec
102
Figure 5.19: EKF trajectory and slip estimates during a U-turn maneuver on
a sandy volleyball court-test run 4 for V=1.0 m/sec
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Figure 5.20: EKF trajectory and slip estimates during a U-turn maneuver on
a red dirt softball field-test run 1 for V=0.5 m/sec
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Figure 5.21: EKF trajectory and slip estimates during a U-turn maneuver on
a red dirt softball field-test run 2 for V=1.0 m/sec
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Figure 5.22: EKF trajectory and slip estimates during a U-turn maneuver on
a red dirt softball field-test run 3 for V=1.5 m/sec
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Figure 5.23: EKF estimated and measured PackBot parameters for grass-
gravel mixture
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again verify the robustness of EKF algorithm with added SNC for other hard
terrains beside more nonlinear soft terrains.
It is pertinent to mention here that during the U-turn trajectory it is
the outer slip on right track that plays a dominant role in maneuvering and
turning the PackBot around a specific turning radius [45]. The force developed
on the outer track must overcome the turning moment resistance arising due
to lateral coefficient of friction as discussed earlier in dynamic model of the
vehicle. The EKF was able to estimate the slips for sharp and soft turns
without any noticeable error or time lag.
5.6 Slip Variables Estimation Results Using UKF
Unscented Kalman filter is also analyzed to estimate the slip variable for
the maneuvers performed on outdoor and indoor terrains. In the literature,
the UKF is claimed to perform better than EKF, as it is accurate to the
second order for any nonlinearity [9]. Estimation of the soil parameters highly
depends on the accuracy of the slip variable estimates. Hence, the results
obtained from both algorithms (EKF, UKF) need to be compared for various
terrains. The filter that estimates slip variable most accurately will be pursued
for vehicle-terrain parameter estimation.
As discussed earlier in Section 4.4, the UKF algorithm does not require
the model be linearized. Kinematic model equations required for UKF algo-
rithm were derived earlier in Section 3.4. These equations are solved using
a standard ODE solver to be used in UKF algorithm, as discussed earlier in
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Section 4.4. The UKF algorithm is tuned off-line heuristically for the first test
run. Required process noise and initial expected error covariance matrix is
added accordingly for better estimates and faster response of the algorithm.
An algorithm with same process noise covariance and initial error covariance
matrix were used for all the test runs.
5.6.0.3 UKF Slip Variables Estimation-Indoor Test
The UKF estimated results for an indoor sand pit are summarized in
Figure 5.24. The UKF estimates the slip values using the trajectory data. The
UKF reads (X, Y, Ψ) from a truth table saved earlier as observations and then
estimates left and right track slip, and slip angle α, as well as the PackBot
orientation. It can be seen that the UKF is optimized enough to track the
vehicle very closely, however during high speed maneuvers it lags in estimating
the slip variable accurately. The performance of EKF in estimating the slip
variable at higher speed and sharp turns is better than the UKF estimates.
5.6.0.4 UKF Slip Variable Estimation-Outdoor Test
The UKF estimated results for the outdoor tests on a sandy volleyball
court are shown in Figures 5.25 through 5.28, and the UKF estimated results
for a red dirt covered softball field are shown in Figures 5.29 through 5.31.
Once again it is pertinent to mention here that the efforts are not to recali-
brate UKF for deformable and non-deformable terrains for indoor and outdoor
tests. The overall performance of the UKF in estimating the slip variable is
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Figure 5.24: UKF trajectory and slip estimates during a U-turn maneuver on
a platform 1 in dry sand.
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satisfactory with trends similar to those observed in EKF estimates.
Figure 5.25: UKF trajectory and slip estimates during a U-turn maneuver on
a volleyball court-test run 1 for V=0.5 m/sec
5.7 Performance Analysis EKF and UKF for Slip Esti-
mation
UKF generally performs better than EKF as its posterior mean and
covariance are accurate to the second order for any nonlinearity and for Gaus-
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Figure 5.26: UKF trajectory and slip estimates during a U-turn maneuver on
a volleyball court-test run 2 for V=0.5 m/sec
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Figure 5.27: UKF trajectory and slip estimates during a U-turn maneuver on
a volleyball court-test run 3 for V=1.0 m/sec
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Figure 5.28: UKF trajectory and slip estimates during a U-turn maneuver on
a volleyball court-test run 4 for V=1.0 m/sec
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Figure 5.29: UKF trajectory and slip estimates during a U-turn maneuver on
a softball field-test run 1 for V=0.5 m/sec
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Figure 5.30: UKF trajectory and slip estimates during a U-turn maneuver on
a softball field-test run 3 for V=1.0 m/sec
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Figure 5.31: UKF trajectory and slip estimates during a U-turn maneuver on
a softball field-test run 4 for V=1.5 m/sec
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sian random input it is accurate to the third order. The complexity of EKF
and UKF algorithms is the same [9]. However, the kinematic model used for
slip variable estimation is first order, and linearizing the model for EKF slip
estimation with added SNC outperforms UKF estimation results. EKF when
tuned offline for first test run shows robustness for any speed and type of
maneuver. Similar, UKF process noise was also tuned for the first test run,
however it shows divergence for higher speed and process noise was required to
be readjusted. UKF was also slow in response to abrupt changes in direction
of the PackBot. This is evident in Figures 5.24 through 5.28, where lag in
estimated slip at corners of the test run can be observed when plotted against
the calculated slips.
5.8 Coefficients of Friction Estimation
Longitudinal and lateral coefficients of friction are vital in estimating
tractive forces developed by tracked vehicles. Their impact on estimating
the correct orientation of a robotic tracked vehicle was discussed earlier in
subsection 3.3.2.1 while analyzing the tracked vehicle force model. It is antici-
pated that, because of the nonlinear nature of vehicle-terrain interactions, the
induced tractive forces will be highly dependent on the types of maneuvers
performed during test runs. Consequently, researchers have relied on both
straight line as well as skid-steer models to study terrain parameter estima-
tion on soils. This section focuses on the effect of coefficients of friction on
trajectory estimation, viz a viz, turning radius and velocity.
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5.8.1 Estimation Methodology Coefficients of Friction-EKF
As discussed, a principal aim of this analysis is to estimate the coeffi-
cients of friction and to assess the hypothesis that these coefficients are func-
tions of vehicle velocity and turning radius [44]. If this hypothesis is true, then
these coefficients could affect trajectory estimation for small robotic tracked
vehicle, as confirmed for large scale tracked vehicles by past researchers. These
coefficients of friction will be estimated using vehicle dynamic model equa-
tions. However, the kinematic model equations are also required to estimate
slip variable like slip/skid on left/right track and slip angle during dynamic
maneuvering. These variables are estimated as discussed in last section and
stored to be used later as a truth table. The estimated slip values will be used
to estimate the vehicle trajectory turning radius using relations suggested by
Wong[4],
R =
B [rωR (1− iR) + rωL (1− iL)]
2 [rωR (1− iR)− rωL (1− iL)]
(5.16)
Similarly, the estimated yaw velocity can either be stored/read directly from
a kinematic model or can also be computed using a form suggested by Wong,
ψ̇ =
rωR (1− iR) + rωL (1− iL)
2R
(5.17)
The slip variable were estimated using unscented Kalman filters (UKF)
and extended Kalman filter (EKF) with added state noise compensation (SNC).
The results are shown and discussed in Sections 5.5 and 5.6 for indoor and
outdoor tests. These results were obtained using a kinematic model of the
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equations. The state vector was defined as:
x(k) = [X(k); Y (k); Ψ(k); iL(k); iR; α(k)]
In estimating these parameters, it was assumed that the left and right sprocket
speeds, ωL and ωR, are known inputs (from onboard data). This estimated slip
on left and right track is used to estimate the turning radius R as in Equation
5.16. The estimated turning radius R and slip angle α are stored and read
from a truth table by an EKF and UKF for performance analysis.
Through the dynamic model of the tracked vehicle, it is desired to
estimate the longitudinal (µr) and lateral (µl) coefficients of friction, and the
orientation of the tracked vehicle. These states and parameters to be estimated


















































As discussed earlier, dynamic equations of the model will be used to
estimate these parameters, and it will be assumed that the forces on the left
and right sprocket are known inputs. These torques are approximated using a
motor model (Appendix C) developed from independent testing on the Pack-
Bot, and help define the command (track force) input. The Equation 5.6 can






FL + FR −RL −RR −mRφ̇2 sin(α)
mRφ̇2 cos(α)− µlW








The methodology adopted, in estimating the coefficients of friction and other
state parameters in Equation 5.20, is similar to the approach adopted in esti-
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mating the slip variable in the last section. The dynamic equations of motion
are integrated from tk−1 to tk and can now be expressed in the form:
Ẋ∗ = F (X∗, t) ∀, X∗(tk−1) = X̂k−1 (5.21)
φ̇(t, tk−1) = A(t)φ(t, tk−1) ∀, φ(tk−1, tk−1) = I (5.22)
In the given state transition matrix, A(t) is linearized and evaluated on a
nominal trajectory and is given in Appendix E.
Similarly this parameter estimation is also carried out offline, we can
numerically integrate the state-space Equations in 5.20 using a standard ODE
solver. The observation model is computed as,








are the observations read online and recorded for inertial frame of reference
and transformed to a body fixed frame of reference using general rotation ma-
trix. The observation state matrix is also linearized and computed at nominal
trajectory before the computation of a Kalman gain matrix. The linearized











The process noise covariance integral needed for the time update of the
estimation error covariance matrix at time tk is computed as,
P̄k+1 = Φ(tk+1, tk)PkΦ
T (tk+1, tk)
The initial conditions for the apriori covariance matrix are determined heuris-
tically.
5.8.2 Coefficients of Friction Estimation Results-EKF
The estimation method described in the previous section has been eval-
uated using simulation with both kinematic and dynamic models, and com-
pared with experimental data for a small-scale tracked vehicle. The PackBot
was manually driven over various terrains. One set of tests was conducted in
an indoor sand pit and onboard data was logged and synchronized later with
measurements of full vehicle motion from a Vicon motion capture system. Ad-
ditional tests runs were conducted outdoors on various terrains, and results are
included here for runs on a sandy volleyball court, softball field, grass-gravel
mix and concrete. PackBot onboard data was logged for these tests as well,
however these were later synchronized with measurements from a differential
GPS.
In these studies an EKF estimate the coefficient of friction values using
vehicle trajectory data and computed turning radius R based on slip estimates
from the kinematic model. The estimation algorithms read (x, y, ψ) from a
truth table saved earlier as observations (from motion capture system or dif-
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ferential GPS) and then estimate both coefficients of friction (longitudinal and
lateral), as well as PackBot orientation for body fixed coordinates.
Controlled input torque forces, FL and FR, are approximated using an
electric motor model, and used as inputs to the dynamic model. The model
was parameterized for soft and hard terrains. The observed and estimated
trajectory as well as estimated slip variable for various terrains using EKF are
summarized in Section 5.5.2. It can be seen that the EKF is optimized enough
to track the vehicle trajectory very closely. It should be emphasized that the
trajectory and yaw are measured using the motion capture system (for indoor
test) and differential GPS (for outdoor test), while the EKF estimations are
based entirely on onboard PackBot logged data.
5.8.2.1 Sandy Volleyball Court Coefficients of Friction Estimation-
EKF
The estimation results for tests conducted on a sandy volleyball court
are shown in Figures 5.32-5.35. These tests, as explained earlier, were con-
ducted at two different set speeds and the PackBot was made to maneuver
sharp and soft turns at the end of each run in a U-shape trajectory. It can be
observed in these figures that the longitudinal coefficient of friction is higher
where PackBot is traversing at a speed of 1 m/sec (Figure 5.34-5.35) as com-
pared to when it is traversing at a set speed of 0.5 m/sec (Figure 5.32-5.33).
It can also be observed that the lateral coefficient of friction is higher for sharp
turns (Figure 5.33 and Figure 5.35) as compared to soft turns (Figure 5.33 and
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Figure 5.34) for same speed, respectively.
Figure 5.32: EKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 1 for V=0.5 m/sec
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Figure 5.33: EKF friction and trajectory estimates during a U-turn maneuver
on a volleyball court-test run 2, sharper turns at V=0.5 m/sec
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Figure 5.34: EKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 3 for V=1.0 m/sec
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Figure 5.35: EKF friction and trajectory estimates during a U-turn maneuver
on a volleyball court-test run 4, sharper turns at V=1.0 m/sec
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5.8.2.2 Red Dirt Covered Softball Field Coefficients of Friction
Estimation-EKF
The estimation results for tests conducted on a red dirt covered softball
field are shown in Figures 5.36-5.41. These tests, as explained earlier, were
conducted at three different set speeds and the PackBot was made to maneuver
sharp and soft turns at the end of each run in a U-shape trajectory. It can be
observed in these figures that the longitudinal coefficient of friction is higher
where PackBot is traversing at a speed of 1.5 m/sec (Figure 5.40-5.41 as
compared to when it is traversing at a set speed of 1.0 m/sec (Figure 5.38-
5.39). Similarly, longitudinal coefficients of friction for PackBot traveling at
a speed of 1.0 m/sec is higher as compared to PackBot traversing at a speed
of 0.5 m/sec as shown in Figures 5.36-5.37 . It can also be observed that the
lateral coefficient of friction is higher for sharp turns, (Figures 5.36, 5.38 and
5.36), as compared to soft turns (Figures 5.37, 5.39 and 5.41) for same speed,
respectively.
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Figure 5.36: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 1 for V=0.5 m/sec
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Figure 5.37: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 2, sharper turns at V=0.5 m/sec
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Figure 5.38: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 3 for V=1.0 m/sec
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Figure 5.39: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 4, sharper turns at V=1.0 m/sec
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Figure 5.40: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 5 for V=1.5 m/sec
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Figure 5.41: EKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 6, sharper turns at V=1.5 m/sec
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5.8.2.3 Hard and Soft Terrain Coefficients of Friction Estimation-
EKF
The PackBot was maneuvered in a U-Shaped trajectory in a sand pit in
an indoor environment. The sand Pit was not wide enough to conduct maneu-
vers with various turning radii. As mentioned earlier the MOCAP system was
used for indoor tests to record the PackBot trajectory. The MOCAP system
was made to concentrate on a specific narrow area for better results. However,
the PackBot was also made to maneuver on outdoor hard terrains like grass-
gravel (mix) and concrete to check the efficacy of the estimation algorithms.
The estimated coefficients of friction for the indoor sand pit, outdoor grass-
gravel (mix), and outdoor concrete are shown in Figures 5.42, 5.43 and 5.44,
respectively.
136
Figure 5.42: PackBot estimated trajectory and estimated coefficients of friction
for sand
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Figure 5.43: PackBot trajectory and estimated coefficients of friction for grass-
gravel mixture
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Figure 5.44: PackBot estimated trajectory and estimated coefficients of friction
for Concrete
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Figures 5.45 and 5.46 show a graph over time of estimated turning
radius and lateral coefficient of friction when the PackBot traverses sand and
grass-gravel. The turning radius in each case has been normalized by an
appropriate factor before plotting them with coefficients of friction in Figures
5.45 and 5.46. The results for sand reflect a smaller turning radius in a first
turn and then a larger turning radius when completing the U-turn maneuver,
and as evident in Figure 5.13(a). It is observed that the estimated lateral
coefficient of friction is higher for the smaller turning radius as compared to
the larger turning radius. This may be attributed to higher thrust at smaller
turning radius as compared to a larger turning radius.
Figure 5.45: Estimated lateral coefficient of friction and turning radius vs time
on sand
There is some evidence that a similar trend takes place for maneuvering
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Figure 5.46: Estimated lateral coefficient of friction and turning radius vs time
on grass-gravel
on grass-gravel mix, however the graphs have more fluctuation (multiple U-
turns). Figure 5.46 shows that the lateral coefficient of friction is higher in
the first part of maneuver due to higher velocity as compared to latter part
of the maneuver where vehicle velocity is decreased. The vehicle velocity for
various maneuvers can be observed clearly from measured x-direction motion
in Figure 5.43, where in the first part of the maneuver the PackBot covers
greater distance in x-direction in less time. It can also be observed from
Figures 5.45 and 5.46 that the lateral coefficient of friction for grass-gravel
terrain tends to show an inverse relation with turning radius estimates. It
can also be observed that the coefficients of friction are higher for soft sand
compared to those for grass-gravel or concrete terrain.
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5.8.3 Coefficients of Friction Estimation Results-UKF
The unscented Kalman filter is also used to estimate the coefficients
of friction for the maneuvers performed outdoors and indoors. The UKF is
claimed to perform better than EKF as its posterior mean and covariance
are accurate to the second order for any nonlinearity. Estimation of the soil
parameters highly depends on the accuracy of the longitudinal coefficient of
friction and slip estimate. Hence, the results obtained from both the algo-
rithms need to be compared for various terrains. The filter that will estimate
slip and coefficient of friction better will be pursued for comprehensive vehicle
model study and terrain parameters estimation.
As discussed earlier in Section 4.4, the UKF algorithm does not require
the model to be linearized. Dynamic model equations required for the UKF
algorithm were derived earlier in Section 3.3.2. These equations are solved
using standard ODE solver to be used in the UKF algorithm, as discussed
earlier in Section 4.4. The UKF algorithm is tuned off-line heuristically for
the first test run. Required process noise and initial values for the expected
error covariance matrix is added accordingly for better estimates and faster
response of the algorithm. An algorithm with same process noise covariance
and initial error covariance matrix is used for all the test runs.
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5.8.3.1 Sandy Volleyball Court Coefficients of Friction Estimation-
UKF
The estimation results for tests conducted on a sand covered volleyball
court are shown in Figures 5.47 - 5.50.
Figure 5.47: UKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 1 for V=0.5 m/sec
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Figure 5.48: UKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 2, sharper turns at V=0.5 m/sec
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Figure 5.49: UKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 3 for V=1.0 m/sec
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Figure 5.50: UKF friction and trajectory estimates during a U-turn maneuver
on a volleyball sand court-test run 4, sharper turns at V=1.0 m/sec
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5.8.3.2 Red Dirt Covered Softball Field Coefficients of Friction
Estimation-UKF
The estimation results for tests conducted on a red dirt covered softball
field are shown in Figures 5.51-5.56. These tests were conducted at three
different set speeds and the PackBot was made to maneuver sharp and soft
turns at the end of each run in a U-shape trajectory. It can be observed in
these figures that longitudinal coefficient of friction is higher where PackBot
is traversing at a speed of 1.5 m/sec (Figure 5.40-5.41) as compared to when
it is traversing at a set speed of 1.0 m/sec (Figure 5.53-5.54). Similarly,
longitudinal coefficients of friction for PackBot traveling at a speed of 1.0
m/sec is higher as compared to PackBot traversing at a speed of 0.5 m/sec
(Figures 5.51-5.52) . It can also be observed that the lateral coefficient of
friction is higher for sharp turns, (Figures 5.36, 5.53 and 5.51), as compared
to soft turns (Figures 5.52, 5.54 and 5.56) for same speed, respectively.
5.9 Performance Analysis EKF and UKF for Coeffi-
cients of Friction Estimation
EKF and UKF results show that it is possible to estimate not only the
coefficients of friction but it can also be verified that these parameters are func-
tions of vehicle velocity and turning radius and this factor cannot be ignored
while estimating terrain parameters [44]. These values were estimated with rel-
atively good accuracy based only on trajectory/orientation observed/measured
data. The dynamic model used to estimate the coefficients of friction is second
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Figure 5.51: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 1 for V=0.5 m/sec
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Figure 5.52: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 2, sharper turns at V=0.5 m/sec
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Figure 5.53: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 3 for V=1.0 m/sec
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Figure 5.54: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 4, sharper turns at V=1.0 m/sec
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Figure 5.55: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 5 for V=1.5 m/sec
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Figure 5.56: UKF friction and trajectory estimates during a U-turn maneuver
on a red dirt covered softball field-test run 6, sharper turns at V=1.5 m/sec
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order, hence the dynamic behavior of the UKF is more stable and robust as
compared to its performance while estimating slip variable using a first order
kinematic model. No state noise compensation (SNC) was added to the EKF
algorithm to estimate the coefficients of friction. However, the performance of
EKF was robust and stable without any additional process noise.
It was also established that a skid-steer model for a small-scale tracked
vehicle is sensitive enough to distinguish between various forms of unknown
terrains. The estimated coefficients of friction will help in estimating the
vehicle-terrain parameter accurately. In the next sections, these estimates are
used in a NR method and statistical estimation algorithms to estimate the soil
parameters.
5.10 Vehicle-Terrain Parameter Estimation
The tracked vehicle force model analysis was carried out in Section 3.3
and subsequently the dynamic model for the robotic tracked vehicle was de-
veloped and discussed in Section 3.3.2. A skid-steered model or a straight line
motion model can be adopted to estimate the vehicle-terrain parameter using
the slip variable and coefficients of friction estimated earlier using the EKF
and UKF. However, the straight-line motion model is sufficient to estimate the
soil parameters. These model equations were derived in Equations 3.27-3.29.
The equation of interest for soil parameter estimation is 3.27. which represents
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acceleration of the vehicle in the x-direction for body fixed coordinates.
mẍ = FR + FL −Rtotal (5.26)
where, FL, FR are the tractive forces on left and right track respectively, and
Rtotal is the resultant resisting force. This resistive force can be modeled as
R=µrW/2. Where, µr is the longitudinal coefficient of friction. The coefficient
of friction is known for the soil type under consideration as it is estimated and
verified using EKF and UKF algorithms developed earlier. The developed
tractive force should be able to overcome all resistance forces in order to make
any maneuver. This tractive force is represented earlier by Equation 3.4 and
reproduced here,








where l is the length of the track in contact with the terrain, W is the normal
load on the track, A is the area of the track and i is the slip resulting from
the track-terrain interaction. This slip is also assumed to be known as it was
estimated using kinematic model by the EKF and UKF algorithms. Other
parameters of interest are the cohesion c, shear deformation modulus k, and
angle of internal shearing resistance of the terrain φ. The Equation 5.26 can-
not be used for estimating these three parameters collectively, as the system
equation is not observable. The Equation 5.27 can be simplified as,













It is found that c and φ, which have greater expected numerical values as com-
pared to deformation modulus k, will render the Equation 5.26 unobservable.
However, if the value of k is known then other two parameters, the cohesion
c and internal friction angle of the terrain φ, can be estimated using EKF or
UKF.
5.10.1 Parameter Estimation-GNR
The Generalized Newton Raphson (GNR) method is one such method
which can be adopted here to estimate the deformation modulus k and the
other two soil parameters. The GNR was derived and discussed in Section
4.5. The Equation 4.44, derived earlier, is required to estimate these three














f1(c, k, φ, F1, i1)
f2(c, k, φ, F2, i2)
...
fq(c, k, φ, Fq, iq)
 (5.29)
where J−1 is the pseudo inverse and is not necessarily a square matrix. It is
represented by Equation 4.5. The two known parameters here are the trac-
tive force F , calculated earlier using motor torque model, and slip variable i
estimated earlier using a kinematic model of the vehicle. It is important to
mention here that the same tractive force was used as an input in EKF and
UKF algorithms while estimating the coefficients of friction for the dynamic
model. These known parameters are selected from the trajectories data used
in EKF and UKF algorithms.
156
Figure 5.57: Estimated trajectories sandy volleyball court
The PackBot was made to traverse in a U-shape trajectory at three
different set speeds. These estimated trajectories are shown in Figure 5.57.
The sandy volleyball court terrain was non-homogeneous but mainly sand, and
the terrain landscape was not leveled; hence, the pressure distribution under
the tracks cannot be assumed uniform and as mentioned earlier weather was
also wet.
In order to estimate the vehicle-terrain parameter three inputs are re-
quired and these are the model based total force estimated using the motor
model discussed earlier, and the estimated average slip on the left and right
tracks. It is important that these inputs are selected from same stretch of the
maneuver. For this analysis, the trajectory is marked as first and second leg of
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the U-shape trajectory as shown in Figure 5.57. For each leg of the maneuver,
input samples were collected and median values were used as inputs in GNR
algorithm. The time stamp for each leg of the U-shape trajectory is shown in
Table F.1 (Appendix F). The various mean and median slip values and their
corresponding tractive force mean and median values selected from various test
runs are summarized in Table F.2-F.5 (Appendix F). The converged values
for the three parameters are also shown in their respective columns along with
resulting maximum tractive force.
It was found that the GNR algorithm was able to estimate the values of
deformation modulus c, k and φ for the sandy volleyball court with relatively
good accuracy. However, as expected, the friction angle φ and cohesion c
combined to consistently give maximum total tractive force as per Equation
5.30,
Fmax = Ac+W tanφ (5.30)
In frictional soil, such as sand of the volleyball court, the cohesion is
always assumed to be negligible, the maximum tractive force depends on the
vehicle weight, and the dimensions of the track do not affect the maximum
tractive effort. Heavier vehicles develop more tractive force as compared to
relatively lighter vehicles. Wong suggests that the angle of internal shearing
resistance could therefore be as high as 35 ◦ for dry sand, and the maximum
tractive effort of a vehicle on same dry sand can be approximately 70% of the
vehicle weight [4].
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During testing with PackBot, although the weather included light rain,
the moisture content in the frictional soil does not impact the internal friction
angle estimates. It can be observed in Tables F.2-F.5 and as summarized
in Table 5.2 that the maximum tractive effort and the friction angle of the
soil is well within the range discussed earlier. The same numerical results for
the sand volleyball court obtained using GNR algorithm are shown in Figures
5.58-5.62.
Figure 5.58: Estimated soil parameters using GNR method, first leg of U-turn
maneuver sample time 1
During the iterative process in a GNR algorithm, it was ensured that
the initial conditions of the estimated parameters were selected to obtain the
positive values of the estimated cohesion and friction angle. It was ensured
that the initial conditions did not result in divergence of the estimated values.
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Figure 5.59: Estimated soil parameters using Newton Raphson method, first
leg of U-turn maneuver sample time 2
Figure 5.60: Estimated soil parameters using GNR method, second leg of
U-turn maneuver sample time 1
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Figure 5.61: Estimated soil parameters using GNR method, second leg of
U-turn maneuver sample time 2
Figure 5.62: Estimated soil parameters using GNR method, second leg of
U-turn maneuver sample time 2
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In particular, an incorrect maximum value of cohesion will result in a diverged
negative value of the internal friction angle. This suggests the upper limit for
the cohesive value. This upper limit on the initial condition of the cohesive
property suggests the estimated range of the cohesiveness of the terrain in that
particular terrain region. In subsequent cases, if the cohesive value is negligible,
as suggested by Wong, then the GNR algorithm estimates the value of internal
friction angle of the soil accurately and well within the specified range for dry
sand. However, combined estimated value of the cohesion and friction angle
results in constant maximum tractive force for any initial condition and this
is shown in the Tables F.2-F.5. Maximum tractive forces will be similar since
the specifications of the PackBot in Equation 5.30 are constant. However,
the maximum tractive force will vary with slip and this can be seen in the
summary tables (Appendix F). This confirms the ability of the GNR method
to determine parameters as expected.
Test Runs Parameters Est. Values Std. Values
1st Leg c, Kpa 1210-1350 1040
2nd Leg 1085-1530
1st Leg k, meter 0.0092-0.012 0.01
2nd Leg 0.009-0.0163
1st Leg phi, degree 25.386-28.361 28
2nd Leg 23.66-30.91
Table 5.2: Estimated soil parameters Using GNR method for U-turn
maneuver-volleyball field
The estimated values obtained from the GNR algorithm for various
parts of the the volleyball field are shown in Figures 5.58-5.62. It was found
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while analyzing the results shown in these figures that the deformation modu-
lus k ≈ (0.009 m-0.0163 m) and cohesion value c≈ (1085 Kpa-1530 Kpa), while
the internal friction angle of the terrain φ ≈ (23.66◦-30.91◦). These results are
summarized in Table 5.2 and it can be appreciated that these estimated values
are within range for a dry sand as reported by Wong [4].
Equation 3.4
Data k, m φ, deg Fmax, N
leg 1 set1 0.01197 28.361 84.115
set2 0.00925 25.386 73.944
set3 0.01627 30.913 93.3
leg 2 set4 0.022 36.91 117.04
set5 0.009 23.03 66.25
Table 5.3: GNR estimation for normal pressure distribution over contact area
Equation 3.5
Data k, m φ, deg Fmax, N
leg 1 set1 0.0119 28.389 84.215
set2 0.009 25.409 74.02
set3 0.016 30.847 93.061
leg 2 set4 0.022 36.97 117.29
set5 0.009 23.064 66.346
Table 5.4: GNR estimation for sinusoidal pressure distribution over contact
area
From the trends and estimated vehicle-terrain parameter in Tables 5.3-
5.4, the values are found to be similar for the cases where it is assumed that
the pressure distribution is normal (Table 5.3), and where it is assumed sinu-
soidal under the track (Table 5.4). The values in Table 5.4 have been obtained
for Equation 3.5, derived earlier for a sinusoidal pressure distribution under
163
the track. This equation suggests that for a dry frictional soil the cohesiveness
of the soil does not impact the tractive force required to traverse the terrain.
From Figures 5.58-5.62, where it has been assumed that the cohesion is neg-
ligible, the values obtained for the internal frictional angle are similar to the
values in Table 5.4. This observation validates all the estimated vehicle-terrain
parameter determined using the GNR algorithm.
A similar approach was adopted to estimate vehicle-terrain parameter
for the softball field covered with red dirt. The estimated results for various
test runs are shown in Figure 5.63-5.65. These results obtained using GNR
algorithm are also summarized in Table F.6. It can be seen from this table and
the figures that the internal friction angle for this terrain is approximately 16◦,
and the values of the deformation parameter is 0.0015 meters. The cohesive
value for this soil type is 750 kpa. These values are smaller than the values
estimated for the sandy volleyball court. The maximum tractive force devel-
oped by the PackBot on softball field covered with red dirt is also smaller as
compared to the tractive force attained by the PackBot on the sandy volleyball
court. The same values were obtained as shown in Table F.6 for internal fric-
tion angle and deformation parameter when it was assumed that the PackBot
has sinusoidal pressure distribution under the tracks represented by Equation
3.5. This also verifies the assumption that the red dirt is a frictionless soil,
that the maximum tractive force is not dependent on the cohesive property of
the soil, and rather that it is dependent on the weight of the vehicle. Thus
the assumptions and estimated results for the red dirt terrain using GNR are
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deemed correct.
Figure 5.63: Estimated soil parameters softball field using GNR method sam-
ple time 1
5.10.2 Parameter Estimation EKF
The parameters estimated using the GNR algorithms need to be verified
not only independently but using other estimation techniques such as Extended
Kalman Filter (EKF). To estimate soil parameters using EKF a straight line
motion model is sufficient. As discussed earlier, the system is not observable
to simultaneously estimate cohesion and deformation parameter, or internal
friction angle and deformation parameter, using the same straight-line motion
or skid-steer model. The straight-line motion model is described by,
mẍ = FL + FR − µrW, (5.31)
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Figure 5.64: Estimated soil parameters softball field using GNR method sam-
ple time 2
Figure 5.65: Estimated soil parameters softball field using GNR method sam-
ple time 3
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where FL and FR are the tractive forces on the left and right track, respectively,
and modeled by,




















These set of equations need to be solved (integrated) using a nonlinear ODE
























This equation is required when calculating the transformation matrix for the
EKF algorithm. This procedure has been discussed earlier in Section 4.3.
The longitudinal coefficient of friction value estimated earlier by UKF
and EKF values is used as a known parameter for this EKF algorithm. Sim-
ilarly, values estimated by GNR for deformation parameter and cohesion are
used as known parameters in the EKF algorithm when internal friction angle
is required to be estimated. As discussed earlier, the volleyball court and the
softball field are non-cohesive and therefore the cohesive values of these ter-
rains have no impact on the maximum tractive force required to traverse these
terrains. This is also the reason that cohesive value does not show any impact
on the estimated trajectory or tractive force, even though it is observable (in
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Equation 5.31). This fact was also established earlier while discussing GNR
soil parameters estimation results. The estimated results for internal friction
angle for sandy volleyball court and red dirt covered softball field are shown
in Figures 5.66 and 5.67 respectively.
Figure 5.66: Estimated internal friction angle sandy volleyball court using
EKF
One straight run for each field was selected for the estimation of the
internal friction angle. The outdoor fields, as mentioned were uneven, not
uniform, unprepared, and slightly moist due to light rain on that day. It is
pertinent to mention here that the internal friction angle of the terrain is not
impacted by the humidity of the soil. Contact between the track and terrain
due to unevenness of the terrain was not consistent. Nevertheless, the EKF
algorithm using straight-line motion model is able to identify the internal
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Figure 5.67: Estimated internal friction angle for red dirt covered softball field
using EKF
friction angle with relative consistency and matches closely with the values
estimated earlier using GNR. A polynomial fit has been used in Figures 5.66
and 5.67 to show a trend and median value of the internal friction angle.
5.11 Straight Line Motion Model for Terrain Parame-
ters Estimation
A straight-line motion model is adopted here in this section to estimate
the terrain parameters based on estimated slips and longitudinal coefficient of
friction. The specific aim of these tests was to use only straight-line motion
model of the PackBot rather than the skid-steer model adopted in previous
estimation schemes. Two test pits with dry sand and mixed soil were pre-
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pared at SwRI, San Antonio. These test pits are shown in Figure 5.68. It
is pertinent to mention here that the sand used in this test was dry and ho-
mogeneous. However, the soil was a top soil mix, soft, moist, uneven and at
best heterogeneous in nature. The close-up of the sand and soil are shown in
Figures 5.69.
(a) Sand pit (b) Soil pit
Figure 5.68: Sand and Soil test pits for indoor tests
In order to estimate the terrain properties, the PackBot was made to
run only in a straight-line motion. The trajectory of the PackBot was captured
using MOCAP system explained earlier in Section 5.4. The PackBot was made
to run at various speeds ranging from 0.3 m/sec to 1.5 m/sec on both test
pits. The estimated slips for right and left track for various speeds on sand
and mixed soil are shown in Figures 5.70-5.71 respectively. This is a straight
trajectory; hence a little slippage of the tracks is expected in all the test runs.
Due to the heterogeneous nature of the soil, an inconsistent behavior of the
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(a) Dry sand (b) Mixed soil
Figure 5.69: Sand and mixed soil used for straight line motion-indoor tests
slips was observed especially for speeds greater than 1 meter/second. This
can be observed in the Figures 5.71(a) and 5.71(b), where slips were estimated
using the kinematic model with an EKF algorithm and added SNC.
The longitudinal coefficient of friction is a critical parameter required
to estimate the terrain parameters. The UKF algorithm and straight line
dynamic model of the vehicle in body-fixed coordinates were used to estimate
the longitudinal coefficient of friction. It can be seen that for both terrains,
the longitudinal coefficient of friction is varying with increase in speed of the
PackBot. These estimated longitudinal coefficients of friction for sand and soil
are shown in Figure 5.72. The inconsistent behavior of the PackBot on the
soil is again apparent in Figure 5.72(b), where initial response of the PackBot
and estimates of the longitudinal coefficient of friction to some extent are not
consistent.
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(a) Estimated right slip (b) Estimated left slip
Figure 5.70: Estimated slips on sand pit
(a) Dry sand (b) Mixed soil
Figure 5.71: Estimated slips on mixed soil pit
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(a) Longitudinal coefficient of friction-sand
pit
(b) Longitudinal coefficient of friction-soil pit
Figure 5.72: Estimated longitudinal coefficient of friction
The estimated slip values and PackBot motor model are adopted next
to form initial estimates of the terrain’s deformation parameter, cohesion and
internal friction angle. The parameters estimated for sand and soil are tabu-
lated in Table 5.5 and 5.5 respectively. The estimated deformation parameter
and internal friction angle using GNR is also shown in Figure 5.73. These re-
sults are again verified by using the dynamic model for the straight-line model
as discussed in section 5.10.2. The EKF estimate for internal friction angle is
shown in Figure 5.74. This result verifies the estimation of other parameters
established in GNR algorithm.
Parameters Estimation Sand Pit Using GNR
Speed m/s Total Force Slip c, kpa φ, deg k, m Fmax, N
0.5 34.74 0.0086
1 40.294 0.00932 1450 33.702 0.0046912 103.93
1.5 46.83 0.12563
Table 5.5: Estimated soil parameters using GNR for Indoor sand-pit
173
Figure 5.73: Estimated essential terrain parameters using GNR for indoor
sand test
Figure 5.74: Estimated internal friction angle for indoor sand test using EKF
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The parameters estimated for the indoor soil terrain are tabulated in
Table 5.6 and 5.7. These estimated terrain parameters using GNR are also
shown in Figures 5.75 and 5.76. During the estimation of slip on this soil,
the inconsistent behavior of the slip on left and right track was very promi-
nent (Figure 5.71). This makes the estimation of terrain parameters very
cumbersome. However, the GNR algorithm is consistent with the deforma-
tion parameter as compared to cohesion and internal friction angle. When
the same deformation parameter (0.00765 m) is used as a known input in the
EKF algorithm using Equation 5.31, the estimated internal friction angle of
the soil parameter is found to be approximately equal to 16◦. This estimated
result for internal friction angle using EKF is shown in Figure 5.77 and it is
consistent with the estimate shown in Table 5.7. During the experiments on
these indoor terrains, it was also observed that the PackBot had more tractive
force to negotiate the soil as compared to sand. The maximum tractive force
calculated based on estimated cohesion and friction angle in the case of dry
sand is ≈ 104 N, whereas for the soil it varies but maximum tractive force
available is ≈ 137 N. This shows, the performance of the packbot on soil is
better than on dry sand, although performance is more consistent on dry sand.
Parameters Estimation Soil Pit Using GNR-Set 1
Speed m/s Total Force Slip c, kpa φ, deg k, m Fmax, N
0.5 36.19473 0.0104
1 37.583 0.009964 2245 41.294 0.00765 136.86
1.5 45.32 0.013096
Table 5.6: Estimated soil parameters using GNR for Indoor soil-pit set 1
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Parameters Estimation Soil Pit Using GNR-Set 2
Speed m/s Total Force Slip c, kpa φ, deg k, m Fmax, N
0.5 36.576 0.004544
1 39.893 0.0109 790 17.328 0.00619 48.616
1.5 47.4595 0.0156
Table 5.7: Estimated soil parameters using GNR for Indoor soil-pit set 2
Figure 5.75: Estimated essential terrain parameters using GNR for indoor
mixed-soil test 1
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Figure 5.76: Estimated essential terrain parameters using GNR for indoor
mixed-soil test2
Figure 5.77: Estimated internal friction angle for indoor soil test using EKF
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5.12 Conclusion
This chapter in detail analyzes the tools required to estimate the vehicle-
terrain parameter. Bekker’s skid-steer model was adopted for simulation based
studies. It was established that the model is sensitive enough to distinguish
between various forms of unknown terrains. Statistical estimation techniques
such as the EKF and UKF were developed for comparison analysis leading to
the estimation of soil properties and other related parameters. The estimated
slip values combined with estimated coefficients of friction helped in estimat-
ing the vehicle-terrain parameter. These vehicle-terrain parameter were esti-
mated not only using a GNR algorithm but also compared with EKF-based
algorithm estimates. It was established that the algorithm sequence developed
to estimate the vehicle-terrain parameter enables various properties of a ter-




Summary, Conclusion and Future Work
Recommendations
6.1 Introduction
The main focus of this research was to estimate the terrain parameters
using a small-scale robotic tracked vehicle as a sensor platform. It is well
established that vehicle-terrain parameter play a pivotal role in predicting the
traversability of tracked vehicles, and if estimated in real time this knowledge
could enhance a robotic tracked vehicle’s ability to safely traverse a given
terrain. Statistical estimation techniques, such as Extended Kalman Filter,
Unscented Kalman Filter etc, and Generalized Newton Raphson method were
used to estimate these vehicle-terrain parameter.
In order to understand the small-scale robotic tracked vehicle track-
terrain interaction, a model was developed by studying a particular robotic
vehicle, the PackBot (manufactured by iRobot). The PackBot was used to
establish if its detected mobility is sensitive enough to estimate vehicle-terrain
parameter and other critical variables required to predict its traversability on
an uncertain terrain. These estimated parameters could be used for motion
planning algorithms and for improving the performance through maximizing
179
traction control, for example.
The soil mechanics, also known as terramechanics, defines the maneu-
verability of a tracked vehicle over a terrain. Terramechanics concepts were
reviewed in chapter 2, with a view toward small-scale robotic tracked vehicle
track-terrain interaction. The methods ranging from empirical to theoretical
were discussed to understand the performance of a small-scale vehicle, such
as the PackBot, over an uncertain terrain. In Chapter 2, an effort was made
to describe how soil parameters such as cohesion, internal friction angle, and
deformation parameter influence the performance of a robotic tracked vehi-
cle. It was also discussed as to how methods developed for large scale tracked
vehicle could be used to study the behavior of soil under small scale tracked
vehicles. Theory of plastic equilibrium and empirical methods, such as cone
index and bevameter, were discussed to characterize any terrain. Shear stress-
shear displacement relationship established in the same chapter was critical in
understanding the thrust-slip relationship.
The kinematic and dynamic model of the vehicle is very essential to
understanding the track-terrain interaction. Bekker’s model for large scale
tracked vehicles was explored to be used for small-scale tracked vehicles in
Chapter 3. Wong’s kinematic and dynamic model for soft terrain was analyzed
to determine if it could be adopted for vehicle-terrain parameter estimation.
During the research it was realized that vehicle model with fully-realized trac-
tion equations could not be used to estimate the vehicle-terrain parameter.
Hence, a kinematic model and dynamic model for skid steered tracked vehi-
180
cle based on Wong’s model were established. The straight line motion model
was eventually used to estimate the vehicle-terrain parameter. This straight
line motion model also highlighted the effectiveness of the estimated slip vari-
ables on left/right track and longitudinal coefficient of friction for estimating
the vehicle-terrain parameter. It was found that the estimated slip variables
and the longitudinal coefficient of friction are the most critical parameters in
estimating vehicle-terrain parameter beside vehicle weight and length of the
tracks.
After establishing the track-terrain model and analyzing the complete
tracked vehicle force model in chapter 3, it was necessary to verify that these
established models can be used for small-scale tracked vehicle track-terrain
interaction studies for online terrain parameters estimation. A simulation
model based on kinematic and dynamic model equations was developed in
Chapter 5 to study the sensitivity of a PackBot in estimating vehicle-terrain
parameter, slip variables and coefficients of friction. These studies were verified
by varying the soil properties during simulation of a simple U-turn maneuver.
In these studies it was realized that these models are sensitive enough to
estimate the vehicle-terrain parameter in real time. It was also established
during these simulation studies that the longitudinal and lateral coefficient
of friction are functions of vehicle velocity and turning radius. It was also
found out during these studies that the small-scale tracked vehicle developed
maximum tractive effort while traversing on cohesive soil as compared to when
it was made to maneuver on frictional soils.
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In order to estimate and characterize the terrain parameters, statistical
estimation techniques such as Extended Kalman Filter (EKF) and Unscented
Kalman Filter (UKF) were developed for the nonlinear system. These algo-
rithms and their advantages and disadvantages were discussed in chapter 4.
Results obtained from the simulation based algorithms were verified and com-
pared with available experimental data tested on a PackBot traversing spec-
ified terrains at Southwest Research Institute (SwRI), San Antonio. These
tests were conducted in indoor and outdoor environments. Prepared testing
bins with dry sand and loosely packed dirt were used for indoor tests, whereas,
for outdoor tests a sandy volleyball court and red dirt covered softball field
were selected. The EKF and UKF algorithms were tuned heuristically for first
set of test data gathered from indoor test on a dry sand pit. These algorithms
were later used to estimate the slip variables and coefficients of friction with-
out requiring any further tuning for indoor and outdoor tests. These results
have been discussed in chapter 5.
It was learned during the verification studies that the EKF with added
state noise compensation (SNC) was robust and the results were more accu-
rate in estimating the slip variables as compared to UKF. However, the UKF
performance in estimating the coefficients of friction was better than EKF
without adding SNC. In slip variable estimation, first order kinematic equa-
tions of motion for the PackBot were used, whereas coefficients of friction were
estimated using more nonlinear second order dynamic equations of motion of
the PackBot, and hence results were better for UKF algorithms. The detailed
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reasons for this were discussed in chapter 4 while developing these algorithms.
During the research it was established that the comprehensive model
of the vehicle is not observable for the required terrain parameters estimation.
Therefore, it was decided to develop a multi-tiered algorithm to estimate these
parameters. A kinematic model of the system was used to estimated the slip
variables and calculate the turning radius of the trajectory. These estimated
slip variables along with calculated turning radius were used in the dynamic
model to estimate the coefficients of friction. It was also established during the
research that these coefficients of friction are dependent on the vehicle velocity
and turning radius beside the terrain itself. The total estimated slip on left and
right track was then used in Generalized Newton Raphson (GNR) algorithm
to estimate the vehicle-terrain parameter. The results obtained from GNR
algorithm were analyzed to establish the impact of soil internal friction angle
and deformation parameter on maximum tractive force generated by PackBot
on cohesive and non-cohesive soils. This multi-tiered algorithm is shown in
Figure 6.1.
6.2 Contribution
6.2.1 Development of Baseline Tracked Vehicle Model
During this research a baseline tracked vehicle model was analyzed and
developed for real time vehicle-terrain parameter estimation. All critical soil
parameters that have impact on the maximum tractive force developed as a
result of track-terrain interaction were made part of this baseline model. This
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Figure 6.1: Multi-tiered algorithm developed to estimate terrain parameters
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baseline model was deemed efficient enough to estimate the vehicle-terrain
parameter in real time.
A number of subsequent contributions were also made while developing
and suggesting the kinematic and dynamic model of the PackBot for estimat-
ing the soil properties such as coefficients of friction, cohesion, deformation
parameters and internal friction angle. The coefficients of friction for small-
scale robotic tracked vehicle were proved to be a function of vehicle velocity
and turning radius. The impact of these coefficients of friction was taken into
consideration while estimating soil parameters.
6.2.2 Investigate Sensing Method
PackBot orientation based on differential GPS unit for outdoor tests
and MOCAP data for indoor tests were used as observations for simulation
based studies. It was established that these data were sufficiently accurate to
be used for vehicle-terrain parameter estimation studies. However, encoder
data should be logged directly into the onboard computer. Also an indepen-
dent method to verify the sprocket speed or motor current can drastically
improve the real time estimation of vehicle-terrain parameter and vehicle po-
sition. However, present set of sensors were used efficiently to estimate all
vehicle states and vehicle-terrain parameter.
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6.2.3 Experimental Implementation
A number of indoor and outdoor tests were conducted on specified ter-
rains at Southwest Research Institute (SwRI), San Antonio. All the simulation
based algorithms were verified against the available experimental data. It was
established that if filters are tuned properly, such as Extended Kalman Fil-
ter with properly added State Noise Compensation, their performance can be
robust while compensating for any uncertainty in the estimated parameters.
It was established that these off-line tuned filters can be used efficiently to
estimate the required parameters in real time.
6.2.4 Multi-Tiered Algorithm Model
One of the primary contributions of this research is the development
of multi-tiered algorithms to estimate not only system states, such as vehicle
position and velocity, but also the other critical parameters, such as slip on
left/right track, slip angle, longitudinal/lateral coefficient of friction, cohesion,
deformation parameter and internal friction angle of the soil. This algorithm
was able to estimate these eleven parameters with acceptable relative accuracy.
6.3 Future Work Recommendations
The estimated results demonstrated that the small-scale robotic tracked
vehicle can be used to estimate various vehicle-terrain parameter with success.
A Robotic tracked vehicle was tested on frictional and non-frictional soils.
However, there is always room to enhance the efficiency of a selected method-
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ology.
6.3.1 Instrumentation and Sensing Mechanism PackBot
Multi-tiered algorithm was developed to estimate the vehicle-terrain
parameter. Such algorithms are computationally complex and difficult to im-
plement in real time. However, such complex calculations can be done off-line
and corrected command signals can be communicated to the robotic tracked
vehicle for better trajectory control and path planning. It was realized while
operating the PackBot that there are certain limitations to this robotic tracked
vehicle. While operating in the field PackBot calculates its orientation with
the help of differential GPS. This orientation is logged into its computer with
GPS time stamp. Whereas all other sensors such as motor current, encoder,
PackBot own GPS etc were logged separately to be synchronized later with
differential GPS. PackBot has a relatively high precision onboard computer
system, it has the capacity to log all the data at the same time. With little
modification in the software the differential GPS data can be synchronized
with encoder data in real time for better calculations of slips on left and right
track. This will help in estimating the thrust force required to traverse uncer-
tain terrain in real time.
As mentioned, the present computational hardware of the PackBot does
not have the capacity to estimate vehicle-terrain parameter in real time. Im-
proved onboard computation could enable the PackBot to estimate vehicle-
terrain parameter in real time, aiding the operator to safely maneuver the
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PackBot on uncertain terrains, possibly with minimum power consumption
and improved traction.
The PackBot’s computer monitors the angular velocity of the sprockets
but reports the turn rate and forward velocity. However, the encoders are
directly measuring the angular speed of the sprockets and these should be
logged as well. It was found out that the computer while calculating the
angular speed of the sprockets does not reject the noise in the data collected
for turn rate and forward velocity. Even when the PackBot was traversing in
a straight line, the left and right sprocket speeds were slightly different. This
has a negative impact on estimating the slips. This uncertainty can simply be
avoided by logging the encoder data directly into the onboard computer.
All the estimations were carried out without flippers. These flippers
will increase the length of the tracked vehicle thus improving the maximum
tractive force required to traverse the cohesive soil. This flipper model can be
made part of the model in future studies to suggest improvement, if any, in
the present length of the PackBot tracks.
6.3.2 Mobility Model
The parameters were estimated using a kinematic and dynamic model
of a small-scale tracked vehicle. During these estimation studies it was assumed
that the tracks of the PackBot are rigid and that there is a uniform pressure
distribution under these tracks. However, this is not necessarily true, as small-
scale robotic tracked vehicles likely experience a non-uniform distribution of
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pressure under the tracks, just like any full-scale tracked vehicle that traverses
uneven terrain. This can be made part of the future studies for a better
understanding of coefficients of friction and slip estimation. Possibly this could
provide insight into overall mobility enhancement.
It is also suggested that future algorithms be developed to incorporate
the terrain uncertainty. The estimated parameters remain subject to uncer-
tainty in terrain physical parameters. The uncertainty in the terrain physical
parameters needs to be modeled and made part of the present set of algorithms
developed for this research work. Stochastic response surface method or Monte
Carlo method could be a good starting point to model these uncertainties in
terrain physical parameters. This may be examined first with a high-fidelity
simulation of the PackBot.
Using robots such as the PackBot requires that their mobility be under-
stood so as to avoid hazards, avoid collisions, or to avoid immobilization. This
mobility prediction is important for successful traversal of small-scale robotic
tracked vehicles on uncertain terrains. The algorithms based on deterministic
mobility predictions can be included with the existing models of terrain-vehicle
interaction. It is also suggested for future focus to develop smart track-sensing
information, like one being studied and developed for wheeled robots, with a
onboard control system that can utilize wheel skidding for better robot mo-
tion performance. Research in this direction could improve path planning with





Specifications and Dimensions of PackBot
The basic dimensions and specifications of the PackBot are,
Dimensions:
Height - 7.14" inch ground to top of clear.
Width - 16" main track to ground.
Length1 - 27" with flippers stowed.
Length2 - 34.5" with flippers fully extended.
Specifications:
Weight - 18kg depending on payload.
Max Shock - 400g’s.
Water Proof - upto 2 meters depth.
Speed - Nominal 2.2 m/sec and up to 3.7 m/sec in high speed mode.
Flipper Velocity - 100 deg/sec.
Ref: iRobot, Inc., Bedford, MA., http://www.irobot.com.
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Terrain n Kc Kφ c φ K
Type KN/mn + 1 KN/mn + 2 KPa deg m
Sand 1.1 0.99 1528.43 1.04 28 0.01
Sandy Loam 0.7 5.27 1515.04 1.72 29 0.0254
Clayey Soil 0.5 13.19 692.15 4.14 13 0.006





The motor and drive terrain model have been discussed comprehen-
sively in [5]. However, important equations required to model the motor and
drive terrain system will be summarized in this Appendix.
C.2 Motor and Drive Terrain Model
The PackBot has two permanent magnet DC motors which apply com-
manded torque separately to each sprocket. The desired speed is set by a signal
sent from Operator Control Unit (OCU) to the PackBot’s onboard computer
system which produces the required voltage through pulse width modulated
controll of the motor. A dynamic model of the drive system can be explained
using a bond graph as shown in Figure C.1. The left of the gyrator G is the
electrical side of the motor, including motor resistance Rm and inductance Lm
in series. To the right of the gyrator G is the mechanical side of the model
(gear train, inertia, friction).
To simplify this model some basic assumptions have been made. It
is assumed that the sprocket, idler, and belt have the same angular velocity.
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Thus, the effective inertia of the track can be represented as,
Jtrack = Js + Ji + Jbelt (C.1)
Applying similar approach to other dynamic components in the system,
the effective inertia can be calcuated as,
J1 = Jm + Jbp (C.2)
J1 = Jb + Jwdp (C.3)
J1 = Jtrack + Jh + Jwdg (C.4)
A description and values of these parameters are given in Table C.2.
Figure C.1: Bond graph of motor and drive train system, from [5]
The state variables in the bond graph are the motor current im and the
angular velocity of the sprocket ωs. The state equation for the rate of change
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where, Gr ≡ Gr1Gr2. Simplifying the above equation and collecting the torque
terms on the right hand side is given as,





Jeff ≡ J3 +G2r2J2 +G2rJ1 (C.7)
beff ≡ b3 +G2r2b2 +G2rb1 (C.8)
τstick ≡ τstick3 +Gr2τstick2 +Grτstick1 (C.9)
The detailed description of the terms used in Equation C.6 is as follows,
Jeff ω̇s : The effective rate of change of angular momentum of the sprocket,
where Jeff is the effective inertia observed at the sprocket and ωs is the
angular velocity of the sprocket.
GrKtim : Torque applied by the motor and drive train system to the sprocket,
where Gr is the overall gain of the drive train, Kt is the motor torque
constant and im is the current flowing through the motor.
beffωs : The effective rotational losses due to friction observed at the sprocket.
The rotational damping losses of the motor, drive train, and track system
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are lumped to the losses in the sprocket. The parameter beff is the
effective damping coefficient. This damping is applied to the sprocket.
SIGN(ωs)τstick : The effective stiction observed at the sprocket. The stiction
torque is directly applied to the sprocket.
∑N
i=1 τbacki : Total back-torque due to the longitudinal forces developed due
the longitudinal shearing of the terrain.
The second state equation is the rate of change of the flux linkage of




= Vm −Rmim −KvGrωs (C.10)




: The rate of change of the flux linkage, where Lm is the inductance
and im is the current flowing to the motor.
Vm : Voltage supplied to the motor.
Rmim : Voltage drop due to the resistance of the coils, where Rm is the
resistance of the coils.
KvGrωs : Back EMF due the rotation speed of the rotor, Grωs = ωm, where
Kv is the speed constant of the motor.
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C.2.1 Motor Data




2) Rotor inertia 134
Lm (mH) Terminal inductance 0.08
Rm (Ohm) Terminal resistance 0.316
Kt (mNm/A) Torque constant 30.2
Kv (rpm/V ) Speed constant 317
Table C.1: Motor Data, from [5]
C.2.2 Inertia Value of Motor, Drive-Train, and Track Components




2) Rotor inertia 0.007
Jbp(lbin




2) Wheel pinion 0.002
Jwdg(lbin
2) Wheel gear 0.056
Jwh(lbin







Table C.2: Inertia values of motor, drive-train and track components from [5]
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C.2.3 Values for Motor, Drive-Train, and Track Parameters




2) Effective inertia 0.017
beff (kgm/s) Effective damping coefficient 0.0244221
τstick(Nm) Effective stiction 0.56876
Gr1 Drive train gain 64/16
Gr2 Drive train gain 112/15





The kinematic model of a tracked vehicle under consideration is a set
of nonlinear system equations. The Lie-Derivative approach can be adopted








where f represents system state equation, and h is the observation or the





For the above set of equations it is desired to find dlG
dX

















[ωR (1− iL)− ωL (1− iR)] (D.5)
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The kinematic model equations in terms of state variables defined above
can be written as,
Lfh =

1/2 r (ωi (1−X5) + ωo (1−X4)) (cos (X3) + sin (X3) tan (X6))









1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 X43 X45 X46
0 0 X53 X54 X55 X56





X43 = 1/2 r (ωi (1−X5) + ωo (1−X4)) (− sin (X3) + cos (X3) tan (X6))
X44 = −1/2 rωo (cos (X3) + sin (X3) tan (X6))
X45 = −1/2 rωi (cos (X3) + sin (X3) tan (X6))
X46 = 1/2 r (ωi (1−X5) + ωo (1−X4)) sin (X3)
(
1 + (tan (X6))2
)
X53 = 1/2 r (ωi (1−X5) + ωo (1−X4)) (cos (X3) + sin (X3) tan (X6))
X54 = −1/2 rωo (sin (X3)− cos (X3) tan (X6))
X55 = −1/2 rωi (sin (X3)− cos (X3) tan (X6))
X56 = −1/2 r (ωi (1−X5) + ωo (1−X4)) cos (X3)
(
1 + (tan (X6))2
)
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If a tracked vehicle is traversing in a straight line, this means the slip
variables on inner and outer tracks are similar with no or zero slip angle, i.e.,
α = X6 = 0. If we populate Equation D.7 with these assumptions, the referred
equation can now be simplified as,

1.0 0.0 0.0 0.0 0.0 0.0
0.0 1.0 0.0 0.0 0.0 0.0
0.0 0.0 1.0 0.0 0.0 0.0
0.0 0.0 0.0 −0.444 −0.444 0.0
0.0 0.0 0.889− 0.444X5 − 0.444X4 0.0 0.0 −0.889 + 0.444X5 + 0.444X4
0.0 0.0 0.0 −2.31 2.31 0.0

For a straight line motion assuming inner and outer slips to be similar, i.e
X4 = X5 = 0.20. The simplified equation D.7 can be written as,

1.0 0.0 0.0 0.0 0.0 0.0
0.0 1.0 0.0 0.0 0.0 0.0
0.0 0.0 1.0 0.0 0.0 0.0
0.0 0.0 0.0 −0.444 −0.444 0.0
0.0 0.0 0.7112 0.0 0.0 −0.7112
0.0 0.0 0.0 −2.31 2.31 0.0

(D.7)
The rank of the Equation D.7 is 6. Hence, it confirms the system kinematic
model is observable for straight-line motion or any other maneuver.
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Appendix E
Linearization Kinematic and Dynamic Model
E.1 Linearization-Kinematic Model
the nonlinear kinematic model is linearized for the EKF algorithm as
follows: Calculate A=[∂F (X,t)
∂X
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∂f6
∂X1


































[ωo(1−X4) + ωi(1−X5)](1 + tan2(X6));





























[ωo(1−X4) + ωi(1−X5)][cos(X3)](1 + tan2(X6));
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The nonlinear dynamic model is linearized for EKF algorithm as fol-
lows: Calculate A=[∂F (X,t)
∂X
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Time required to complete a U-turn maneuver at three different set
speeds on a sandy volleyball court are given in Table F.1
PackBot First Leg of U-Turn Last Leg of U-turn
Speed Initial time Final time Initial time Final time
m/sec sec sec sec sec
0.5 2 26 55 75
1 2 12 25 35
1.5 2 8 18 25
Table F.1: Time stamp recorded for U-turn maneuver
Estimated vehicle-terrain parameters values using GNR-method for
sandy volleyball court are given in Tables F.2-F.5
Volley ball Court Test Run last length Parameter values Fmax
Speed Total Force Total Slip Trajectory Time c k φ Newton
mean median mean median Initial Final kPa m deg N
1.5 m/sec 47.947 46.915 0.048 0.046 9.273 9.825 1350 0.012 0.67 84.12
1.0 m/sec 35.889 35.622 0.026 0.027 10.332 11.999 800 0.012 12.78 84.12
0.5 m/sec 31.353 30.692 0.021 0.025 20.966 21.937 0.000 0.012 28.361 84.12
Table F.2: Estimated vehicle-terrain parameters using GNR-method on first
leg of U-turn maneuver-1
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Volley ball Court Test Run last length Parameter values Fmax
Speed Total Force Total Slip Trajectory Time c k φ Newton
mean median mean median Initial Final kPa m deg N
1.5 m/sec 47.947 46.915 0.048 0.046 9.273 9.825 1210 0.0092 0.066 73.94
1.0 m/sec 35.889 35.622 0.026 0.027 10.332 11.999 800 0.0092 9.177 73.94
0.5 m/sec 35.653 34.759 0.040 0.027 27.005 27.585 0.00 0.0092 25.386 73.94
Table F.3: Estimated vehicle-terrain parameters using GNR-method first leg
of U-turn maneuver-2
Volley ball Court Test Run last length Parameter values Fmax
Speed Total Force Total Slip Trajectory Time c k φ Newton
mean median mean median Initial Final kPa m deg N
1.5 m/sec 48.074 47.209 0.047 0.057 25.244 25.643 1530 0.0163 0.574 93.30
1.0 m/sec 61.759 61.829 0.086 0.086 37.037 37.521 800 0.0163 15.95 93.30
0.5 m/sec 34.418 36.201 0.031 0.032 69.761 71.983 0.00 0.0163 30.91 93.30
Table F.4: Estimated vehicle-terrain parameters using GNR-method second
leg of U-turn maneuver-1
Volley ball Court Test Run last length Parameter values Fmax
Speed Total Force Total Slip Trajectory Time c k φ Newton
mean median mean median Initial Final kPa m deg N
1.5 m/sec 48.074 47.209 0.047 0.057 25.244 25.643 1085.000 0.009 0.043 66.25
1.0 m/sec 43.532 42.142 0.046 0.048 33.015 35.995 800.000 0.009 6.40 66.25
0.5 m/sec 34.418 36.201 0.031 0.032 69.761 71.983 0.00 0.009 23.03 66.25
Table F.5: Estimated vehicle-terrain parameters using GNR-method second
leg of U-turn maneuver-2
Softball Field Parameter Values Force
test run Speed m/sec Total Time Force Slip c, Kpa φ, deg k, m Fmax, N
first run 0.5000 21.992-23.379 32.9860 0.0118 740.0000 15.6980 0.0012 43.7890
fifth 1.0000 11.89-11.792 38.9215 0.0148
seventh 1.5000 11.652-13.174 40.3420 0.0383
first 0.5000 99.883-100.58 32.7260 0.0108 735.0000 16.0750 0.0015 44.9010
fourth 1.0000 48.487-49.954 38.3835 0.0312
seventh 1.5000 31.926-33.878 43.2950 0.0405
first 0.5000 17.342-18.245 32.8990 0.0097 750.0000 16.4150 0.0014 45.9050
fourth 1.0000 26.956-27.96 40.0240 0.0179
sixth 1.5000 15.7470-17.7570 44.0775 0.0908
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